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AE to lay bis tbokghts before the public or 
wry JubjePt, Jhould be able to point "out Joke g 25 


ze to be reaped Num it, it n ENS 
was 


vantage to 

5 
induced to hipe that the Jew following Jpeets | 
| might be bf ſervice, and claim u reception. An: 
e 1 muſt ingenuoufly own, that what had the 
ag weig br 4 was not any immoderate opinton 8 3 
of iy ee but the Dn 71 gh 


— 


a 71 low problems, and | and, what 2 5 preater © TVs 
Klett, without gb any g principles 
"whereby the thing might" be extended farther. 
There is indeed but one, that I have met with, . 
| tirely free from this abjeflipn; and, though it 2 
wants matter nor elegance 7o recommend it, yet 
the price muſt, I am ſenſible, have put it out of 
the power of many to purchaſe it ; and even m, | 
who want ud Means to gratify their defires this 
Way, - and who might not be inclinable to fubſeride 
a guinea for a fingle boot, however extellent, may 
not ſcruple the beflowing of a ſmall matter on one, 


that perhaps 1 YH I equally - . well for thetr 
purpoſe. OE. 
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1 4 
| © preſumption. th attempt, upon any account, 4 , 
ſubjeft like this, after ſo great a man as My. De 


Moiyre; and that ſome, who would paſt for 
conſiderable judges, have not been wanting ie 
cenſure - and. contemn this perfary 
that head, before having the ls knowledge of t 
particulars therein contained. " Bue. they would a 


well to reflet, whether to proceed thus, may not | 


prove a greater impeachment of their own Judge 


ment and conduct, even among their friends, than 


of bis, whoſe work, without any offence given, 

they endeauour to depreciate.” 

I have perhaps as high an opinion of that 
learned author's productions as aty of thoſe gen- 

tlemen. But does it follow, becauſe one PHY 

has done well on this fubjeft, that nothing further 


can be neceſſary? Beſides, it is not every one 


that has a genius fitted for the moſt exalted 
foeculations, or that is capable of reading the 
- works of the moſt ſublime and celebrated authors ; 


and, therefore, though I ſhould go no farther © 


than to bring down ſome of the beſt and moſt 
uſeful things already known to the level of ordinary 
capacities, I ſhould think this might, in Jomg, 


meaſure, exempt me from cenſure. Hawever,, 1 


would not have the reader conclude from hence, 
that he has nothing more to expect in theſe” few 


ſheets 
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Jay in the fn. 8 
it not my intention to f 4 3 
Lebe, of this work, knowing that "if there be '® | 
real merit, it uu beft recommend itſelf; and-that- 

| . withour 1his, ir will be" ir vain for me 1% 
for a-receſtion-: "nevertheleſs, is may not be amt 


46: point ont ume of the moſt uſeful and curious 
Propoſitions therein, and make fuch uſeful obſer- 


Mew it not urworthy, the peruſal.” 1 © 


11 The 1ft is a propofition © of uſe Ht the 
work, and therefore ought to be well underſtood 
55 a young beginner; towards which the * 


Fucceeding caſes in illuftration thereof,” will not s 


little contribute, ſince, by them alone, a perſon 


but tolerably Ailled in common © arithmetick W 


oon arrive to ſme proficiency in the ſubjeft. 


the 2d and 3d problems, befides other things, — 
dottrine of Combinations and Permutations is 
clearly and fully deduced. Nor is the 5th, ſhewing 


The. Probability of an aſſigned Event happening 
a given Number of Times in a given Number 


of Trials, for general uſe, inferior 10 either of 
7 f 


vations thereon, as may be S A. 


: 
© Fa 2 
s FE 


p. 5 * 
. * * 7 . > 4 
= : — 
— . renne 
— = N 


vets a * 


1 9 
; >+3 TSP LES 


CTY 
Sat 1 
D_ Y - 


F ger 
; * a 2 a oe” 4 
— 
2 
4 


„ 


— 
2 * : N 
* : 
* - 


. —— Eno —— Agr mot 
OY = = 
>: 
5 ” 1 Ro. 
rr oe PIES e 
5 a " , E 
+ viz7 - * J 9 


„ 1 — 
* 


2 = 
* 3 * 9 l 8 * 4 
2 een * * * 3 9 
* = R i 24 # 
wn. Fo 1 © &« * 4 
” 2. 5 g : — 25 4 y a y 5-2 
* * 
= 


_- 9 

„ | 
- 7 4 
* © 7 


(„ . 


vhew. The as is very comprihenſive, ad of 
gred! ne in totteries; cards, Ne. And the 13th, 
For finding the Trials wherein one may undef- 
take” that a propbſed Event ſhall happen * 
given fumber of Times, hos been long lobkedl by 
as a problem of the greateft nate and conſequenet, 
und is ſalued in a more ral manner than 
hitherto. The. 16th, 17th, and 20th, are alſo 


problems of ſome note and difficulty. But the 22d 


to find the Chances for à given Number of 
Points on a given Number of Dice, and the 
25th on the Duration of Play, are fevo of the 


malt intricate and remarkable on the ſubjeRt, ond 


both ſolved by methods entirely new. The 27th. is 
a problem that was propoſed to the public fene 
time ago in Latin, . as à very difficult one, and 

bat not {that I know of ) been anfwered bfr. 
Hd the 24th and goth are the ſame with the 
two new ones, inſerted at the end of Mr. De 
Moivre's laſt edition, whoſe demonſtrations that 
kearned author was pa. to reſerve to himſelf, 
and are here fully and clearly inveſtigated ; both 
which problems are of conſiderable © importante. 
Lafily, in the HE among other things, will 
be found two new methods for fumming of ſeries ; 
and by help of one of them the value of @ 
ſeries of powers, whether whole or broken, is 
determined in a more conciſe aud general . 
than yen | | 


* 2 bd 
which it may either IroB or fat. 
ſing it were required to expreſs the 
throwing either an ace 1 1 ot at 
1 with à ſingle die: 
ing in all 6 different chances or ene che 
die may fall, and only 2 of chem fo r the ace 
ce to cms newer, the probability of 2 
happening of 0 of one of theſe will be 1 
Fm of trary + or $: or, more generally, 


poſing — he | a chances for the happening 
* and þ chances for the contrary ; 


then the probability ENEMY 72 
= of cut l — | 


COROLLARY. 

1 Hense it 4, chat if the probabili 
arte of a0 event be fubltrafted 2 
unity, the remainder will be the probability of 
irs failing, and vice verſa. 


DEFINITION 


| 1 "A 

- + Y 75  peeirrion n 1717 4 
The erpectalon on an event is 4 
the preſent certain value, or worth of whatever 


ſum or thing is depending on the happening of 
that event, and is compounded” of A hn and 


te: probability of obtaining it. 
x * CORALLARY. : 


Therefore, if the expectation on an event be 
divided by the value of the ching expected on 
the happening of that event, the” Saran will 


be the probability of happening: | As 

Su ppoſe A to throw once with a {ſingle die, 
on Galton that if either an ace or duce comes 
up he ſhall be intitled to 20 ſhillings; then, 
becauſe the probability of his receiving the ſaid 
ſum is + (Def. 13 IT X 205. or 7 of 20s, will be 
the expectation in this caſe. 


PROBLEM 1. 


To fund the Probability that two affencd Events | 
ſhall both happen. | 


Let the probability of the hap of 
firſt of the two events be __ by 


2 and that of the ſecond by 27 and 


Yah the happening of both to dis a Son 
to the ſum S. Nov if the firſt of theſe ſhould 


Happen, it is manifeſt that, from that time till 


the ſecond is W han VP of A 
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Will be 2, or ſo much is the ſam that he 


A 
F might in that circumſtance receive as an equiva. * © = 
f lent for his chance of obtaining the ſum S. But = 
the probability of getting into e AH 
A or being intitled to the value 28 $, being 1 
| | | | | _ 
| 448 |; 2 * Py, q "2 a BY 
* . ! * f * af. we 

only 7 his ex pectation therefore, before either 


8 * at 
y 6 _”_ * 

\_ © xs 
a! l 1 N 


of the events is decided, can be only 2% Part, 
of * or 3x8, and therefore the 
A | uired probability of receiving it, or the hap- 
1 pening of both the events, only — x ——3 
that is, the probability that any two aſſigned 
events ſhall both happen, will be equal to the 
product of the probabilities of the happening of 
thoſe events conſidered ſeparately. | | 


COROLLARY. > 


: /, " Wherefore, ſince the probability of the hap- 
4 pening of each of ches events may be com- 
pounded of the probabilities of the happening 
* of two others, as well as that of receiving the 
ſum & is of them two, Sc. it follows that the 
2 of the happening of any given num- 
r of events, i. e. that they ſhall all happen, 
is equal to the product of all the probabilities 
of happening of thoſe events conſidered ſingly. 
But as this concluſion is the baſis whereon all 
the ſucceeding calculations are founded, it may 
not be improper to enlarge a little farther thereon, 
and endeavour to render the ſame till more 
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>, DEFNITION II. 
The evpeftatios on an event is 3 
the preſent cerrais value, or worth of whatever 


ſum or thing is depending on the happening of 
that event, bn is Sen et of hy ſim and 


the probability of obtaining it. 
*CORALLABY. 


| Therefore, if the expectation on an event be 
divided by the value of the thing expected on 
the happening of that event, che” N wall 


be the probability of happening. 
' EXAMPLE. 


| Suppoſe A to throw once with a gogls as; 
on condition that if either an ace or duce comes 
up he ſhall be intitled to 20 ſhillings} then, 
becauſe the probability of his receiving the ſaid 
ſum is 3 (Def. 1.3 F X 20s. or 7 of 20s, will be 


the expectation in this caſe. 
PROBLEM 4; 


To fund the Probability that two- afigned Events 2 
ſhall both happen. 


Let the probability of the "happening of 
the firſt of the two events be _ by 


— 75 ind ther of the ſecond by 555 and 


* ſe the happening of both to 3 a pon 
Tere ſum S. : Now if the firſt of theſe ſhould 


Happen, it is manifeſt that, from that time till 


the ſecond is determined, * 5 of ri 
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the probability of getting into this circumſtance, 


only 2 his expectation therefore, before either 


of t 


not be improper to enlarge a little farther thereon, 3 
and endeavour to render the ſame ſtill more — 
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might in that cirrumſtancę receive as an equixasr-᷑r]ĩ 
lent for bis chance of obtaining the ſum S. But 32 


or being iatitled to the value g $, being 


of the events is decided, can be only =p part, 


of 8, or 4 Xx 5, and therefore the | i 
required probability of receiving it, or the hap- > 
pening | of both the events, only = * 777. „ 4 
that is, the probability that any two aſſigned _ 7 
events ſhall both happen, will be equal ro the : >; 
product of the probabilities of the happening of ee 4 
thoſe events conſidered ſeparately,” | | . 
; COROLLARY. 7 >__- -- 
Wherefore, ſince the probability of the hap- _ 
pening of each of het: events may be com- _ 


ed of the probabilities of the happening - 
others, as well as that of receiving the _ 3 
ſum & is of them two, Sc. it follows that the | 
* of the happening of any given num- 


But as this concluſion is the baſis whereon all 
the ſucceeding calculations are founded, it may 


ber of events, i. e. that they ſhall all happen, bp 
is equal to the product of all the probabilities = 
of happening of thoſe events conſidered ſingly. *» 7 


B 5 familiar as = 
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familiar and eaſy by a numerical exegeſis, in 


order to ſtew thoſe who are not ſo well acquainted. 
with algebraic computation how to reaſon with 
certainty on the ſubject. RI 

I. Suppoſe 4, holding a fingle die, to begin 
ro throw, on condition that if an ace comes up 
both the firſt and ſecond: throws he ſhall receive 
1/, Now if an ace ſhould come up the firſt 
throw, the expectation, or worth of his chance 
would, it is manifeſt, then be + of 1. but the 
probability of getting into that circumſtance. 
$24 but 5 {Def. I.) the required expectation 
before he begins to throw will. be only & of 8. 
of 11. This divided by 1/. gives 8 * for the 
probability of receiving the ſum propoſed, (Cor. 
to Def. II.) equal to the product of the proba- 
bilities of happening of two aces, when conſi- 
dered ſeparately. 1 | 

II. B upon certain conſiderations agrees to 
depoſit to A the ſum of 30 ſhillings, if in the 
three firſt throws with a ſingle die the latter 
throws three aces. If an ace ſhould come up 
the firſt throw, it is evident, from the laſt caſe, 
that the expectation of A would be + of & of 30 
ſhillings ; but as the probability of that happen- 
ing is only 8, his expectation before the firſt 
throw will therefore be but + of & of. 3 of 50 
ſhillings ; and conſequently the probability of his 
receiving the propoſed ſum & * ( = tp 
equal to the product of the probabilities of the 
happening of the thrce component. events con- 
ſidered ſeparately ; agreeable to the general 
corollary. _ | Wow, 

Note. If, inſtead of throwing an ace three 
times together with a ſingle die, the condition 


had 


Fy 


Laws e CHANCE. - + 74 


had been to throw three aces at once with three 
dice, the expectation would have been the very 
ſame: and it may be farther obſerved, that in 
divem other caſes, where one event is, or may 
be conceived to be, compounded of ſeveral others 
more ſimple, which are all decided at the ſame 


me, as in throwing of dice, Oc. it will facilitate 


the reaſoning very much, to ſuppoſe them deter- 
mined one by one in a ſucceſſive order. 22 
III. Imagine a heap of 16 counters, whereof 
6 are red, and the reſt black; and a perſon to 
draw out 2 of them blindfold : to find the odds 
that one or both of thoſe ſhall be red ones. Let 
them be ſuppoſed to be taken one at a time, 


and that, if either of them prove red ones, the 


_ drawer ſhall be intitled to a given ſum, as 1/. 
If the firft drawn ſhould happen to be red, his 


, expectation on the ſecond would vaniſh'; for as 
the — 2 of one red one inſures to him the 


propoſed ſum, it cannot be of the leaſt advan- 
tage to draw another red one afterwards; and 
therefore the whole expectation on the ſecond 
counter is compounded of, or depends on, the 
probability of drawing a black one firſt, and a 
red one next after. Now the probability of 
drawing a black one firſt, is 15; and if a black 
one ſhould be drawn, there being then only 15 
counters remaining, the probability of taking a 
red one next, it is manifeſt, would be r, and 
the expecation thereon & of 1/7. But the pro- 
bability of getting into that circumſtance bein 
only , the true expectation on the ſeco 
counter is therefore only E of r of 1. which 
added to rs of 11. his expectation on the firſt, 
L f B 2 Kives 
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gives + of 17. for the total; wherefore the pro- 
bability that one or both the counters be 


red ones Is , and the required odds as 5 to 3. But 
this may be determined with more facility, by 
firſt finding the probability that neither of the 
two counters ſhall be red ones; for if the firſt 
ſhould come out a black one, bf which the pro- 
bability is 18, then there remaining but 15 
counters, the probability of taking à black one 
next would be r; which drawn into () rho 
foregoing {See the Cor.) gives + for the probas+ 
bility that both the firſt and ſecond ſhall be black 
ones; and therefore the odds are 5 to 3, as 
before found. Yo oe Wd” oh 
Iv. Let there be a lottery conſiſting of 100 
tickets, wherein there are. four prizes: to find 
the probability that in the three firſt numbers 
that are drawn there ſhall be one or more prizes. 
Here, as in the laſt caſe, it will be convenient 
to find firſt the probability that none of thoſe. 
numbers ſhall be prizes: in order to which, let 
the firſt be ſuppoſed to have come out a blank ; 
then there being 99 tickets remaining, and 95 of 
them blanks, the probability of drawing a blank 
next will, it is manifeſt, be #; which therefore 
multiplied by d, the probability of the firſt 
coming out as ſuppoſed, yields i * d for the 
probability that the two firſt tickets that are 
drawn ſhall be both blanks. If both theſe ſhould 
happen to be ſo, the probability of taking 4 
blank will be dt, which therefore drawn into 
- tvoXFF gives (os X3FX$F=F54+) the probability 
of drawing all three blanks; this ſubſtrated 
from unity {Cor. to Def. I.) leaves Wer for the - 
| | | required 


* 


8, Are as 7144 to 941, or as 15 to 2 acly. 
V. B holding four common dice, bets one 
guinea to two, that oe ace, and no more, 
comes up the firſt throw: to find his ad 
or diſad vantage. Let the dice be conceived to 
be thrown one by one: then if the firſt ſhould 
come up an ace, the probability of miſſing the 
ace all the next three throws being 5 * ** 
{Cafe II.) the probability that the firſt. comes up 


an ace, and all the reſt otherwiſe, is 3 of S*, 


nk. But ſince this is only one of four ways 
by which B may win, or becauſe there is the 
ſame chance that the 2d, or 3d, or 4th, may 

come up an ace, and the reſt otherwiſe, N 


= will, it is evident, be the probability of 


B's winning; wherefore his expectation on the 
three guineas is Ik of that ſum, from which 
deducting his own ſtake, there remains vr of a 


guinea == 3s. 3d. 2 for the required advantage, 


or ſo much is the ſum that he might give, upon 
an 1. mp" of chance, to another perſon to lay 
him the ſame wager. | 

VI. One with a ſingle die propoſes to throw 
the ace twice before either the duce or tray comes 


up once; to find the odds againſt him. There 


is given the probability that the ace comes. up 


the firſt ſignificant throw, where either ace, duce 


or tray muſt come up, equal to ;, which is alſo 


the probability, of the ſame thing happening the. 


ſecond ſignificant throw ; wherefore the- probabi- 
lity that an ace ſhall come up both thoſe throws, 


it is evident, will be Jof J, or $, and the re- 


quired odds as 8to 1 . 
N PROBLEM 


Law of CHANCE, | 7F 
required probability of taking one or more 
prizes; wherefore the odds that all the three are 


* 
E 
4 
4 
= 


ay 1 


The NATURE and ? 


PROBLEM III. ROW 
Let any given Number In) of Letters, 48 A, B. 8 
C, D, E, &c. or Things repreſented by them, 
be diſpoſed in a regular Order; and let a given 
Number (p) of them be taken, one by one, at it 
. happens : to find the Probathlity. that they ſhall © 
come out according to the very Order in which 
they are placed; as A 1ft, B 2d, C 34, Se. | 
SOLUTION. * ee 
Since there are » letters in all, the probability 
of drawing A firſt is —. If A ſhould be ſo draun, 
then there remaining n — 1 letters, the. probabi- 
lity of taking B next will be ——, whence. {Cor. 
10 Prob. I.) it is manifeſt that the probability 
that A is taken firſt and B next, is - X——, If 
theſe two ſhould be fo taken, the probability of 
drawing C next will be n, becauſe then only 
1 — 2 letters will be remaining: wherefore, {by 
the ſame Cor.) —X— 5 — is the probability 


of taking the three ſirſt according to the order 
propoſed : whence, from the manner of the pro- 
ceſs, it is evident, that the probability of coming 
out of the 4, 5, or 6 firſt, &c. according to the 
ſame order, will be K 
HE ms 

1 1 1 


— — 


* 
#—2 2—3 #—4 


= &c. reſpettively ;- and. conſequently 
| «--\pthat 


? 
: 
- 4 1 
i. 8 ( 
3» 
* 
oy 


* - 2 A, g | * — * 8 
8 * * 
. : 8 £ L . os. " * 
1 1 | 88 : —= 
* , \ | 
"4 f , £ P . a a ; „ q 
| | RY 
bility is =” gn 2g $ Hg 
IF the viel as 25 — ; * = 
1 ö 
r. continued te faftors, or Set 
| 23 op 9 K -I x—2,&c. 8 
whoſe denominator cock. of the fume munder 2 
of factors. 5 | 147 


oF WES! COROLLARY. 


Wins F 5 00 ſuppoſed = u, or all the > 
. letters or things, be to be taken, the above | 
0; 1 9 
| ſaid probability will becot ———— 
therefore ſince there is but one chance, or us 
for all the letters, or things, to come out 
that order, it follows that the whole number 
mutations, or all the different ways which the 
— e things can poſſibly. be taken, will be the 
denominator of that fraction: or, I x 2x 3x 4, &c. 
continued to as many factors as there are chings, a 


Pe. Ly 


EXAMPLE. 


Suppoſe i ir were required to "find the mimber 
of changes on 7 bells; then taking the firſt ) 


factors of 12 * 3x4, &c. and multiplying them - 
together; there comes out 5040, for the number 7 
that was to be found. | . _ 
PROBLEM III. | Y 
If out of any given Number (n) of Things, as 4, | -Y 
B, C, D, E, F, Sc. @ Perſon be 10 take 4 2 
given yy es (p * of them, as it happens ; what _— 2 
is the Probability that the Things fo taken ſhall be A 
. the (p] firſt of the foregoing order, as A, B, C, | 1 
D, &. | \ - _- 


SOLUTION. - _ 


| Ds 
10 The Narvnt 4% ¼ 9 
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„ SOLUTION... 


let the things be taken one by one; then 
becauſe, in the whole, there are p aſſigned, the 
probability of drawing one of theſe firſt will be. 
2 If one of thoſe ſhould be drawn, then there 


remaining #— 1, of which p,— 1 will be of the | 
aſſigned ones, the probability of drawing one of 


theſe next would be — wherefore, (by Cor. 


to Prob. I.) EN, will be the probability that 
the two firſt taken ſhall be both of the aſſigned 


ones. If both. thoſe ſhould be ſo, the probability 
of taking another of the aſſigned ones next, it is 


obvious, would be =; therefore (by the ſame) 
the probability of all the three firſt being of the 


aſſigned ones is Er whence, from 
A in | 1 — 2 


the method of the proceſs, it is manifeſt that the 
probability ſought will be £ *.. KE === 


1— 1 211 23 
£ = &c. continued to p factors; or, which is 
r 
1 X23, 
numerator and denominator conſiſt each of 9 
factors: but the factors in the numerator forming 
an arithmetical progreſſion, whoſe greateſt term 
is p, and common difference 1, and the number 
of terms being p, the leaſt term or factor muſt 
neceſſarily be = 1, and the ſaid numerator in an 
inverted order, IX 2 * 34, &c. to p: and con- 
ſequently 


the ſame, 


where the 


5 


ven 'the pr obabilty = es n 
wa fy 54 e 


&c. * | , * * N 1 


If che by kia drawn AIR one, as bore, 


be mixed again among the and a ſecond 


perſon afterwards draws, at random, an 1 N 
th 


number, p, at once, it is 


| probability of his taking the very ſame, or any | 


other, p, aſſigned ones, will be 2 8 


N INN 


&c. the ſame as above; and therefore ſince there 


. Is here only one chance or way for taking the 


* aſſigned things, this one chance muſt be 
whole number of changes, or all the 


ſeveral 3 that p things can can be o taken · in a 


things, as the num. of the above fraction to its 
denominator, by Def. I. Wherefore the number 
of combinations, or different ways by which u 
N . 
2 Et ; 
IX23X3 &c. to þ factors, 


—, &c. continued to as many fators as cher 
are things i in one combination: 


EXAMPLE. 


Let it be required to find how many different | 


pairs, or combinations, / of 8 can be made 
1 


with four aces. Here taking ** — he two 


firſt factors of the general expreſſion, (becauſe 
two are the things in one combination) and 
writing 


Laws 1 auser wy 


oY \ % 
* 4 8 2 £ pe "a" - 
\ * 1 0 A » "YI, » 
Coats wo 9 8 8 o o 
22 — >, is _—_— P 
W; 8 * 


—— — — 22 P 3 - E 
* p 2 1 > a * _— "> Af 0 , y * bb Fl 
4 8 2 2 « . 1 


- 
*. 
e 
2 
1 * 8 
0 C 


— w 
2 0 - — 


2 — 


744 
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writing 4 inflead of u, we have 116 for 
the number that was to be found. BY: 


There are ſeveral Sores. 0 / Thing 5, or Letters; as 
aaa, bbbbhb, 29 1134d4d, be 
mixed promiſcuouſ 42 order 10 be taken 
one by one, as it what is the' Probability 
that any given N. 4 of thefe Sorts come out 
in the very order here exhibited, i. e. that all the 
a's come out firfl, all the Bs next, Sc. Sc? 


SOLUTION. 


Since the number of letters of all ſorts is here 
20, and that of the firſt ſort 3; the probability 
that theſe ſhall be all taken b re a letter of an 
other ſort, is * *, (by the laft prob.). 


theſe ſhould be fo taken, the probability of 
drawing the „g next in order, it is manifeſt, 
would be rr Xs ay te! © > by the ſame) : where- 
fore the probability that both 45 2 Z's (hall be 


taken in order will be , N X76 N X ola 


X 5 (by Prob. I.) In like manner the probability 
of taking the three firſt ſorts in order, will be 
had * , NN X NN NN x * N 


which is alſo the probability of taking all the 


four ſorts in order, becauſe when the firſt three 


of them are ſo . the laft muſt follow of 
courſe. 


COR OLLARY. 
If the number of letters or things of the gal 


fort be p, of the ſecond ſort 3, of the third , &c. 
and 


* 
* 
-% 
- 


A 


p 
Li 


e 7 ens, 1 


and t s te vo i sse ur things of al 


ſorts: it is evident by inſpectidn from the fore- 
- going gong proce... that the probability that aily 

forts will fome out n the pro 
poſed order is 


IX2X 3, &c. tog, X 1.2 * „ 0% X1X2%X \&c. tor 


' GXa=1 X1=2 X2=13 X#=4 X a> * 
where the numerator conſiſts of as many ſeries as 


&c. 


\ there ate ſorts to' be taken in '6rder, and the - 


denominator of as bays” as ther are in 
"all thaſe evies, | 


PROBLEM v. NE 


enge ie _Progortion ef the Chanees, for the 

e, fade of an pf the = its 

. Failing be as @ 0 b, e 
be the Nose, of Trials: to find the Peubabili 


that the Event happens preciſely (29/1 times 2 
SOLUTION.” © 


_. theſe. Trial. 


Since che probability of happening of the 
. Event at any one affigned trial is —=, and that 


of che colltrary 24 ji the probability that it 
| ſhall Happen all the 5 firſt trials, and fail all the 


reſt, will therefore (by Cor. 1 Prob. 109 be == 


3— 1 © 
r but as there is the ſame Pro- 
bability for its happeni ng any other p afſigned 
trials; and failing the reſt, it is manifeſt that as 
—_ different ou as p things can be taken or 

C 2 combined 


. re. ; 
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combined in 2 things, juſt ſo often anght the 
ſaid probability == be repeated to give the. 
value ſought ; ; mi Nee hoc number of ways or 


combinations being — — x 7 * 


factors, (by Prob. U.) ED 5 ee 


| 55 will conſequently. be che value. 


4 
» {:D 


COROLLARY. t 
Hence, if p be taken equal o, 1, 2, 35 Te. 
| ſucceſſively, the ſaid value will become 


—— * * 1 X 

a + F}- 5 > a +Þ\" 3 

. or the probabili ity o happening preciſely, , 
o, 1, 2, 3, &c. times reſpettively ; where, the 
ſeveral terms are thoſe of the binomial 542 
raiſed to the power whoſe index is u, divided 
by that power. And therefore if from the 


binomial 5 + a raiſed to the à power, all the 


terms where the indices £2 a are leſs than p, be 
taken and divided by a+ Pe} *, the quotient will, 

it is manifeſt, A0 the probability that the 
propoſed event ſhall not happen ſo often. as p 
times in the- given number z of trials: but if 
the remaining terms, or thoſe where, the indices 
of a are not leſs that p, be. divided by TN, the 
quotient will then be the probability char it ſhall 
happen, at leaſt, p times in thoſe trials. 


EXAMPLE 


* - 


2 
1 
if Bits 


. . 


ESPE i Os 
* with four dice, undertakes to throw. o one 


ace and no more at * what is the 


odds againſt him? 


By conſidering; the dice as thrown one by one, 


and the four throws as ſo many trials, we have 


equal to l for the probability of 


throwing one ace preciſely ; wherefore that of 


the contrary is , and me SR odds 199 to 


125, or 8 to 0 5 nearly. . 


* 
” * 


EXAMPLE. 11. 


Suppoſing one to throw up nine halfpence ; 
what is the odds that there come up more than 


ons heads? 4 | 
| ere (by ſuppoſing as- in the above caſe) 2 
will be = 9, 4 55k ys = 1; wherefore A! 


the 4 firſt terms, 1 x4+9x$x4 (=130 


of 141 raiſed to the gth power, and dividing 


their ſum by 1+11? (= 512) according to the 
corollary, there will be 7s for the probability 
that there come not up But heads; therefore 
the odds are exactly as 191 to 65. 


EXAMPLE III. 


There is a lottery conſiſting of a great number 
of tickers, whereof the prizes are to the blanks 
in the given proportion of 1 to 3: what is the 
odds that in taking ſeven tickets there ſhall come 


out two prizes? 
| Suppoſe 


Law of CHANCE.” "i 


14 . 


4. Suns; a= 1, b= 55 and therefore = 


1 


1 1 N | , 15 f 
| 15 8 15 f 
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Suppoſe the tickets to be taken one by one ; 
and let it ve firſt inquired what the probability is 
that there come not out two prizes; then # being 
=, a=1, 3, and p=2, we ſhall have 
— iir for the anſwer; and therefore 
the required odds will be as 4547 to 3648. - But 
it muſt be obferved that this proportion is not 
exactly true, as in the forgoing caſes; for here 
the ratio of a to h, or the probability of drawing 
a prize, will not every trial, be exactly the ſame, 
but greater or leſſer according as a greater or 
leſſer number of blanks has been before taken; 
whereas in dice; &c. the probability of throwing 
a given face, &c. ever continues the ſame. 
However when the number of tickets 1s large, 
the alteration of the ratio + being then ſmall, 
this method, of ſolution will be ſufficiently . near 
the truth; but in other caſes, or where a rigid 
accuracy is inſiſted on, it will be belt to have 
reference to the 8th problem. (pH 
N. B. That an expreſſion placed in a parentheſis, 

immediately after any produft or ſeries, - is every 

where put to ſbeu ibe number of factors, or terms, 
to which that produtt or ſeries is to be continued; 
as (p) at the end of u - g, or 
Ax1t—1xH—2x1—3 (p) ſhews the product nx 

u- IX 2, Sc. is to be continued to as mam 

Factors as there are units in (p). 684 
PROBLEM VI. ze 


There is a given Number of each of ſeveral Sorts of 
Things (of the ſame Shape and Size); as (a) of + 
F | the + 


27 77 Sort, (3) of the frond, Gf. put pro- 


miſcuoufly together ; out f which a_ given Number 


(m) ne ty taten, as * to find - 1 
© Probability that there ſhall ſhall come out preci 7 
given Number of each ſort, as (p) £7; 
W of the 1 (r) of the third, 

_ SOLUTION. 


"In order to render the ſolution'ef this probleny' 


= as may be, let the things of the firſt ſort 


be deleted from the reſt, and of thoſe conceive the 


given number p to be placed between A and B, or 


mn the firſt diviſion 


the line AE, and the A= 5=g c=r d 
reſt between Q.and R, — n * . 
or in the firſt iviion 

of QV : in like man- 3 
ner, let the — of A. 
the ſecond third 2 e D 

ſorts be ſe and 


diſpoſed of after the ſame method in the 


ſecond and third divifions of thoſe lines re- 
ſpectively : and, let us firſt inquire: how many 
combinations may be made of mn things in 
the line AE, by mutually changing, one by 
one, the things i in that line for thole in the other 
line QW, under this reſtriction, that in every 
combination the number of things of each ſort 
ſhall till continue the ſame : then becauſe the 
ſame number of things of each ſort, or in each 


diviſion of both lines, is to be preſerved, a thing. 


ofthe -firſt, ſecond, or third diviſions of the 
lower muſt always be changed for one in the 


| correſponding diviſion of the upper; and = 
ore 


Laws /of CHANGE. | 2 


\ 


4 


- 
= - P 
- 
_ 
7 
9 
'4 
* 
* „ 
- 
of 
* 
= 
5 
1 
= 
* 
4 * 
wt 1 
2 
= 
.' 
ky 
S 
* 
2 
. 


1 ris Neves and: 
fore it is manifeſt, that as many ways as p things 


can be taken in @ things, which is Oo te and 
(2). Prob. 3, fo many combinations may be made 
in the line AE, or W, without changing any 
one of the things befides thoſe in the firſt diviſions 
of thoſe lines: and for the ſame reaſons it is 
evident, that the' number of dombinations in 
each of the ſame lines, without changing any 


thing beſides thoſe in the ſecond or third, &c. 
diviſions, 1 18 * 12 ( o DEED 


(7), &c. reſpoſtively 
But ſince x? — 2 5 (>), the ſaid combi- 


nations in the fiſt diviſion, may be repeated 
every time a thing of the ſecond diviſion. is 
changed without altering-any thing in the ſuc- 


ceeding diviſions, * x = 02 into * 


— (4) muſt . be che number 


2 
of all the combinations that can be produced by 


changing the things of the firſt and. ſecond, 
without affecting thoſe of the other diviſions. 
But this number of combinations may in like 
manner be repeated every time a thing of the 
third diviſion is changed; and therefore all the 
combinations that can be produced under the 
propoſed reſtriftion, without chang} ng any any of the 
things dender gas of the three firſt diviſions, 


will be — 7 * 2 


* 


4ͤ2—1 8 3—1 322 


O01 in. — X——X: —<) 
23 from whence the e | 


. ef 212 


—X 
* = 


Laws . of CHANCE. | 19 


and . of cortinaiticns are manifeſt. Wherefore, | 


having now found all the poſſible ways that the 
things can be taken to hade the propoſed numbers 
of each ſort, we are next to ſes how many ways 


the ſame number (m) of things may be had 
without any reſtriction. This number of ways, 


if a be put ae, &c. the whole number 


of things will be 1 22 (m) © 
the oforeſaid Problem) : and. therefore 


þ buy bo: C2 
e. Ne A WTI nr Ky) 


8 i. 


| Sx Dx x — l (m) 
muſt conſequently be the value. EI. 
COROLLARY I. -- 


equal, and thoſe propoſed to be taken of each 
alſo equal, and 7 be put for the number of ſorts, 


the probability, it is is manifeſt, will become 
j — 42—2 GO * | 


"When there a are only two ſorts of things, then 

c, d, r, s, &c. become o, 8 un, 788 m, 
7 (2) . —— (9) 
-- c | Ex x = x 2 (m) 


4 
cqual to the required value in that caſe; which, 
D when 


Hence if the number of den each ſort be 


{ 


20 The Natuoze 4 8 
when it is propoſed chat no one of the firſt of 
the two ſorts {ball be taken, will became — x: 
b— b— 3 | 4 > a + 

- x —= x —> (m), becauſe then f i = 0, 


4 ˙·˙ HO. cn. © 


EXAMPLE I, 


In a lottery conſiſting of 99 tickets, whereof 
there are two prizes of 1000). and five of 100ʃ. 
What is the probability that ip taking 6 tickers 
there ſhall be juſt one prize of cach of thoſe two 
ſorts? Here # being = 99, m=6, a=2, 
b= 6, C==92, d o, &c. p==1, ==, f=4 
So, &c. the Value ſought, by the pe | 
, | xX NN x x 
theorem, = * u ene 8 EL EDT 
23X25x89X91 4666925 r 
| 19X22X49X94X97 | 186760876" e 


EXAMPLE II. 


Suppoſe one to draw four cards out ef the 
whole pack; and let it be required to find the 
odds that there ſhall not come out juſt one af 
each ſort, as one heart, one diamond, &c, Be- 
cauſe, u, the whole number of things (or cards) 
is here = 52, thoſe taken (or m) =4; (w 
the number of ſorts 4; a, b, c and d, eac 
= 13 — r each =x + By Cor. I. 


| wy 7 . 
we have 375 5 E, = For for the probabi- 
lity of happening; therefore that of the contrary 


is 33524, and the required odds as 18628 to 2197. 
or nearly as 8 to 1. | «4 


EXAMPLE 


Lam i CHANCE. „ 
* EXAMPLE UI. . 


Vor twenty cards, wherein 
"fix hearts, four ſpades, and 
to Eu the probability that in 
Having een of den, at à venture, there ſhall 
cvine our jut three dumonds and two hearts. 
Here, ' becauſe the anfwer is reſtrained only to 
che taking of three diamonds, two hearts, and 
ther ofhe T cards that are neither diamonds nor 
> ay" hals laſt, or all the black ones, in 
A theorem, may, it is ma- 
- nifeſf, as one ſort. And we ſhall 


e X'$ x4Þx $ 
r=33 | ton e 


22 | | 
r ==5 the probability: wherefore 
the odds is as 2753 to. 1225, or as 9 to 4 nearly. 


EXAMPLE IV. 
There is a pt AS Long a. 10,000 rickets, | 


among which ular. prizes ; what 
is — odds that a wk taking 2000 of 
them ſhalt nor have — prizes? As it 
it matters not, here, whether there be other 
prizes in the lottery beſides theſe three, the other 
9997 tickets may be all conſidered” as blanks ; 
then * probability of taking the three 
prizes with 1997 of theſe blanks, {by the theorem 
7 Cor. IL) is 7 x 2225x222 &e. to 1997 factors 
* 2 c. to 2000 factors 
but as this expreſſion, by reaſon of the great 
multitude of factors it n muſt be 1 imprac- 
D 2 ticable 


k 


* 


0 ; TI! * 1 ; 8 : 
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ticable without a proper method of reduction, 

ER nd. as this will always be tne caſe where de 

| number of things taken is very large, it may not =» 

| be improper to ſhew here how the theorem itſelf _ 

may in thoſe caſes be contracted. : In order 
thereto, equally multiplying both numerator and 
5 denominator by 1x 2 x 3 x4 (m), our ſaid theorem 
(Vid. Cor. II.) will, it is maalfeſt, . firſt become 

| a a= 4=2 — — | — — 

CABOT Foe ade K- (3) imomgc 0% 4 

OO mXAmIXA—2 XA N AN (m) 3 
where, by breaking the denominator into two 
parts, ſo that the firll factor of the latter may be 


, it will next ſtand thus, 3 
| rr (pin. E (9) inn x@=T Xw53 (p) ' 


— 


aXn—IXa=2X#=3 (8) into 6x b— 1 x6—2 (w—0) p 
where equally dividing'by >x4—1 xb-2 (m-s) 
it becomes 5 
* * —(p) in. a LN X a +b=m=1 (a+g-m)in.m x m1 (p) 


- — 
— 2 OO — —U—Ü— x ̃¶ ͤOäW—2— ˙ 1—A— no — 1 — 33 
3 —— — 5 


PO PW II TO Lt, 
_ — —— WeSC „„ 
= * — 


1 - I NaN * =A () N 
where putting & for a＋ =- S the things re- 
maining after (n) the propoſed number is taken, 
and for a+q—m its equal 4-2, it will, at length, 
be reduced to | x7 he 48-4 op 
4 a= a=3 * 9 
3 * in. x EI xÞ=2(ap)in.m X m=1 * m=2(þ) « 


— 


_— 


MXA—IXn—206n—3Xn—4Xn=5;Xn—b (a) ' 
equal to the probability of taking preciſely p 
| things of that ſort whoſe number is a: by help 
of which it will now be eaſy to proceed iu the 
proſecution of our example; for -here # being 
= I0000, M = 2000, k = $000, 42 3, and * 
the 


10868 5 2499 
© the — l .all the 


- 


abs ae ee OY 
SSL ">. cw. 0 


Wherefore the required odds is as 
1997001, or as 124 to 1 nearly. 8 
e - EXAMPLE. V. | | > 8 
. * The fame things being fop 4 © in the ft 
- caſe; let it be required =; oY EST 


that there comes out one or more 


In this caſe, it is manifeſt, the — 1 may be 
obtained by ſeeking ſeverally che probabilities of 
taking one, two, and three prizes, and adding 
them together, c. But 'by firſt making the 
probability of taking no prize at all the ſubject 
of our enquiry, it will be eaſily had at one ope- 
ration: for , ee 


— 7998 eee, — joe? „ odds 
* 9998 24992 5005 * 

are 23 127952904 to 121973001, that there 

comes Out no prize. | eee 


PROBLEM VII. 

'Srpeug « gre t, but given Number of each of two . 
Sort hings to be put promiſcuouſly together ; 
to find how many muſt be taken out of the Whole, 

10 make it an equal Chance that a 

tome Out ef one given Sort. 


oe ' SOLUTION. 3 


. If be put tor che whole number of things, * 
Li thoſe of the given ſort, and m the number 
required ; 
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required; it it manifeſt from Cor. II. to the laſt - 
| roblem, that the probabiiky . of _ the 
» things of that ſort will be £1 n == (m); 


mpeg re 


which, oe We. queſtion, muſt here be but | 
2 21. 5=2 being nearly equal; becsaft- 5 
and # are 2 numbers, 121 5 (m) 
(=4) vill e „ © re very nearly: 
whence i in logarithms m into Log. = log. == 
2. * 
log, 2, and =p g x QE. & [> ich 
| "Sis EXAMPLE. _ . 

In. a lottery conſiſting of 100,006 tickets, in 
which the blanks: are to the prizes 26 9 te r, 
how many ought one to take, to make it an 
equal chance that there ſhall come out one or 
more prizes? Or, which is the ſame, that there 
ſhall be no one of them prizes? Here # being 
100,000, and 5 go, ooo, the general expreflion 
| becomes . 6.58; which not coming 


—4:95424 
out a whole number, ſhews tliere can be no 


exact 8 of chance in this cafe, 6 being 
too ſmall, and 7 too great a number. 


PROBLEM VIII. 


The ſame being ſuppoſed as in the laſ Problem; to 
find the Probability. that in taking a given Number 
(n) of thoſe Things, there ſhall not come out a 
given Number (v) of one Sort. | 


SOLUTION. 


A SOLUTION. 


Thijs pr be ſolved in any: 
e by finding 
rations the probabi oe ably of raking © 
97 Cid, a BE 

theſe operations may be very much wang 
for.if (as before) a be put for the things of one 
ſort, 5 thoſe of the other, and * the whole num- 


ber of bath farts, it ia maniſeſt 8 that 
E 3 Im 0 p) into > x = — j 


* mob 2 CIS PAY 


1 * 0 
will be the probability of taking p things bre 
ciſely of that ſort Vhoſe 2. 4. Menken 
if p be ſuppoſed equal to o, 1, 2, 3 6 Kc. ſuce 


ceffyely, and A be pyt Spar xn ft 


1 
and 5 b; then will A, Fx A, = 

1 1 1 „ * — 2 * 
1 * ＋ , FN I"; 5 572 8 
— * 255 = A, &c. be the reſpective probabilties 
of drawing o, t, 2, 3, Kc. of chat ſort, preciſely: 


wherefore A TN AN EEE x B+ 


A „ a 
„ <=C.+ ,, &e. continued 
to u s many eermas us chers ane units in p, will 
be the probability ſought; B, C, D, &c. deno- 


ting the 8 terms. 


— 


I 


EXAMPLE. 


my Narvnz * 


EXAMPLE. 


. EIN * In a heap of 10 cards EE” one half hs ; 
| 2 red and the SS half black; what isghe proba- - 


dDility that in drawing 5 of them at a venture, 3 

Will, 2 ES there ſhall come — J red ones? or, Which ig 
1 the ſame, that there ſhall not come out 3 black 
1 ones? Here @ being = 5, b=5, 1=10, f=3s © 
and m=5 ; A or r x21 ( N and 


and þ (=b=m+1) 1 ; ee lefg. 


| m—1 2-11 | 
| N * * B (?) becomes 3 TAG: TIE 
; which therefore i is the . in 


this caſe. 


PROBLEM IX. 


I The ſame being ill ſuppoſed as in the preceding - | 
1 7 Problems, and that the 5 2 s are to be taken 
= 25 80 one by one as it happens ; t the Probability 
_ that the (p) firſt ſhall all — out of the firſt Sort, 
| I | 5 and the next after of the contrary Sort. | 


SOLUTION. 


; The number of the things of the firſt ſort vhs 

| a, that of the ſecond ſort þ, and the whole num-" 
ber of both ſorts =, the probability of taking 
ens of the firſt ſort firſt, will, -it is manifeſt, be 


—3 If this ſhould happen, that is, if one of that 


fort ſhould be actually taken, then there remain- 
ing only a—1 of that ſort, the probability of 


6 taking of thoſe next would be _ wherefore 
1 . | the 


Liws of: .cnancr. e 27 


Ge be bh of aki be de eo Rik of 
the ſaid ſort will be 2 * 2 (Prepaſtion 1.) 


Fram the manner. of the proceſs it is evident 
that the probability of taking all the firſt. of 
this ſort will be = x 22 | 


#—2 


if theſe ſhould be fo ben.” the probabiliey of 
king es et the oder fon! aer will bet 
en 7:3 x x (p) into 23 == x 
Ont oh IO nm n value that 
= b x IN" | , 


| PROBLEM * 


To 2 the Oads at: - Bowls, or , other Games 0 
* the like FO: in "a canin of 42 3 
P. 1 


- : 1 . g * 


4 -£ 
SOLUTION. | 
* * 4; . = * £ 
FF * LF 7% * 
= * . _ ® *% 
V4 « A 
- 


Ful, ſuppoſe che Players to be A and | 
B, or, that there are only 2 po ys a ſide ; 4 
chen, as the probability that either of them ſhall 0 9 
win Juſt 1 bowl at an end is the ſame as that of 4 
taking 2 things out of 4 things of 2 ſorts, ſo 
that the firſt-may come out of Na firſt ſort, and 
_the other of the contrary ; the ſaid probability, | 
it is manifeſt, will be +x4=3, by. the laſt 5 

blem; and, for the like reaſon, the probabi- g 

ity of winning 2 bowls at an end will, by che „ 
ſame, be had Amn And che like uy "i 


— Oy 
_ 2 


— 


* Ly 
«© * - * 
. 23 * * - * = 0 . 
Fo, L & A R * A " - Sn 
& LY 


N 4 4 —_ bo W , bs : , \ 1 — 
„ R 
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be had in any other caſe when the players are 
a greater number. . i 

This being premiſed, let A want 2 of being up, 
B 1; and the value of the thing played for be 
denoted by 1. n ee n 

If 4 gets juſt 1 at the firſt end, of which the 
e is + (per above), he will be in the 
ame circumſtance with his antagoniſt, and theres 
fore entitled to 4- the whole ſtake, or, +3 where- 
fore his expect ation on that event, while it remains 
uncertain, will be 4 of 1g. But if be ſhould 
get 2 he will be entitled to (1) the whele ſtake; 
wherefore as the probability of getting 2 is 4 
his expectation on this event will be, alſo, &, 
which added to the foregoing, will conſequently 
give (+) the total expectation of 4 in the pro- 
poſed circumſtance ; which ſubſtracted from (1) 
the whole ſtake, leaves that of BA, and there- 
fore the odds are as 2 to 1 in this caſG. 

Let A want 3, and B as before. Becauſ® the 
probability that A gets juſt one at the firſt end, 
or there brings the play to the circumſtance of 
the above 4 is +; and as his expectation in 
that circumſtance will alſo be + (per above} his 
preſent expectation on that event will therefore 
be 4. But if he ſhould get 2, he will be entitled 
to half the whole ſtake, or 4; which therefore 
multiplied by 4, the probability of getting 2, 
gives r for his expectation on this event; whence 
*, the ſum of theſe 2, mult be the total 
expectation of A in this caſe; hence that of B 
32, and the odds as 29 to 7. 3 

Let A want 3, and B 2, Now A muſt either 
get 1 or 2 at the fiſt end; or, B 1 or 2 at the 
ſame end. | | 17 


If he gets 2 he is entitled to 2 (hy 
caſe) ; "therefore rhe expectation on 


* 8 28 i n | | Ti im 199 
gets 1, 4 will be emitled to , (by Ide 
laft caſe} and therefore on this event his expects» 
tion is f = But if B gets 2, the expetta- 
tion of A will be nothing at all; therefore 343 
Ar- Wie the ſum of thoſe 3, is the total expec- 
tation of A in this cafe. And by Nr on 
in this manner, the expectations of the gameſters 
may be determined in any other circumſtance 
of the play; and tables calculated to exhibit the 
odds, not only when the players are 2, bat a 
greater number. The of the z following 
tables ſhews. the odds when there are only 2 
players; and the laſt, the limits of the leaſt odd 
when the players are indefinite, the odds in any 
tireutnftance of the play growing leſs as the 
number of players is nul 72 g 
a. . Pls 1 *'x | 


. Truly. Nearly. Truly. Nearly. 


— 
8 411 
Nj 23* 29 
101: 87 312 
I t 


3 77 $1 1421 
9 1755 81211 
Is L : 7 
9 ot: 1421 
ILA 29781 4: 1 
1 «459929 MELT : 'E I 


Now 
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Now by the help of theſe ables the odds may be 
nearly had in any intermediate caſe as follows, viz. 
In the p opal — be it what it will, bs, 
from the ſaid tables, find the probabilities of win- 
ning in thoſe two caſes for which they 1 

and let thoſe probabilities be denoted b 7 
reſpectively, and let n he the number oe 


in the caſe propoſed ; then will P be the 
probability of winning in that Ones ig | 


EXAMPLE. 


del the number of players to be 6; 124 
one ſide to want 2 of being up, and the other 
4. Then by the tables the odds will be as 3+ 
to 1, and 25 to 1; and therefore the probabiſi- 
ties of winning , and , reſpectively, (in thoſe. 

caſes for wee. the tables are calculated under 
the ſame circumſtance); wherefore P is here 


=, and pr, and therefore PA n= 


nearly = the probability of winning in the caſe | 
propoſed ; whence the odds are as 5 to 2 VE 


PROBLEM XI. 


Tuo Perſons (or Parties) A and B , play to e 
with (n) bowls a Side; the Skill of A to that 
B, or the Odds that any affigned Bowl of A 
nearer to the Jack ther any aſſigned Bowl of B, 
is in the ow Ratio of 75 to (% to find 
the Probability that A has of getting' a gives 
Number (p) or more, and alſo. that of getting that” 
Number preciſely at any End aſſigned. 


*SOLUTION. 


ſuppoſed 5 
B, 3 7 ber of chanchs 

in all the bowls of A being as, and the total 
number of all the chances na- ub, ee F 
that ſome one of As \bowls: comes nearer. to the 
Jack dane one df B's: will, it is manifeſt, "be - 


e or, if ar be put =»x4+6, equal to + 
Now if 1 of 44 bowls/ſhould come .neareſt 


them he having then 5-1 bowls, ot 4 1 
chances remaining, the probability of his 2 
2 ſecond bowt nearer the jack than any one 


B's would, it is manifeſt, be 2255 or 5 LD 


* | 


===; wherefore the probability that 4 ſhall 


921 
have 2 bowls nearer to the jack than any one of 
B's is => x == (by Cor. to Prob. I.) In like 


manner, the probability that A4 ſhall have - 
bowls nearer to the jack than any one of B's, 


will be found Sx x 5 x2 (4) 5 which 
is an anſwer, to the firſt part of the is la 


now if that ſhould happen, of which this 
expreſſion is the probability, then there re- 


maining DRA chances, and uh of- chem in 
favour of B, the 2 that one of his 


bowls comes next will be == _ —;-therefors [by 
D* 
: the 


The Narviz ws. 5 


\ ö ah : 3 0 5 


G Ee = : (p+1) will be the . 


Note, By help of this e an cat als ache of 
proceeding in the apt fyoblem, the proba« 
bility, or odds of winning the game, may be 

determined in any caſe whatever; where the ratio 

of a to b, fn NR Rn can be afcers 


Tained. 


PROBLEM x11. 


A ard B pla;ing together with fingle Bowls, Cite, 
or Pieces, &c. the former fi Experience that 
he can my an Equality of Chance, undertake to 
win (n) Timer, before his Antagoniſt once * what 
is the eee of Skill of the two Gameſters, 

or their Chances of winning at ay aſſigned Trial. 


SOLUTION. | | 
Let the required ratio be me of a to 8, or, 
which is to the ſame effect, let z 773 be the pro- 
bability of 4's winning at the firſt Tt; then by 
Cor. to Prob. I = will be the probability of 


his winning all the u firſt times, or trials, which 
by the queſtion m muſt be = +; whence 24. 


Mr and ax25-1=b; therefore, as 1 f 
12616. Q. E. I. 


' PROBLEM 


Laws of CHANCE: "I 
ROI II. 


and B, tion Ship, Choncer 
8 - 3A are 5 a) to (% 
play together ;. the former wants ( Games of 
Fo done ns; 6 and the latter (/; what are their 
ee Prabibiities of winning 99579 . 


SOLUTION. g 8 


e the play to be 'contjnaed after the 
+ is out till duch time as p+q—1 games are 
and af, e NODE 

bein his adverſary p of theſe games. yore, 
Cor. to Prob. V. ) it is manifeft the Eroticy af. K 
winning will be 


a pnetbenxiarmthh ence xZteegt l- | 


— * 


but this is the vrobabilicy that I wins the fer; 


becauſe if he gets p of thoſe p+g—1 games he 
mult loſe fewer than g of them, and therefore 
5 before he loſes 9; and becauſe it is evident = 


whatever the chance of E may be in reſpect of 
winning and loſing, that of A mult be the ſame, 
and vice verſa, And therefore, for the ſame 
reaſon, the probability that I wins the ſet muſt 


S nb aux —=b—*a* 
Od ts 8 
Ph &c. b1a%! E. | | 

#+6\" : K 


EXAMPLE. 


a * 
| 3 . 
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| .' EXAMPLE. | 
Sup e A to want 5 of being up, B 3, and *' 
3 "yr the 2 gameſters to equal : then - 
| will Þ=5,, 3, a=1, l, , ad 
e ) and "= ). 

be the probabilities of winning; therefore. the 

odds that B beats A are as 99 to 29. 5 


5 PROBLEM XIV. | 
4 given Number of Gameſters, A, B, C, &t. 
whoſe Chances for winning any aſſigned Game are 
in the given Ratio of a, , c, c. 85 together 3 . 
A wants p Games of the whole Set, B, 9, and C, 
r, Cc. What are their ſeveral Probabilities oe 
winning ? F ed, 


F 


P 
Raiſe a C c, &c. to the power whoſe index 


is equal to the leaſt of the given numbers 7 Qs 
r, &c. or, if there be no leaſt, to one of the 
leaſt equal ones, as p; and from that power 
take out the term wherein the exponent of the 
correſponding quantity a is equal to 2 and if 
there be any terms wherein the indices of 5, 
c, &c. are equal to 9, r, &c. take thoſe terms 
alſo, and having divided each of the terms ſo 
taken by a+6&+c, &c. ), or 5, which is ſup- 
poſed equal to it, place the ſeveral quotients each 
in different columns, marked (for diſtinction 
fake) A, B, and C, fo that the ſaid power of 
a may be in the column 4, that of þ (if any) 
in the column B, &c. And then, having pro- 


Laws of CHANCE. 5 

creded thus fat, multiply the remaining terms 

of the ſa; power by .a+b+c, &. and from the 
roduct ſelect all the terms where the indices of 


e powers of a, b, c, &c. are reſpectively equal 
TH q, „ &c. And having divided each by 
bi, plate them according to the foregoing 
method, ia the columns A4, B, C, &c. Let the 
laſt temaindet be multiplied in like manner by 
a+b-þc, &c. and ſelect, again, out of this pro- 
duct the terms wherein the exponents of a, 6, 
r, &c. are reſpectively equal to p, 9, r, &. 
and having divided each by 57e, let the quo- 
tients be diſpoſed of as before. And p on 
in this ſatne manner, repeating the operation till 
all the terms are exhauſted; then the quantities 
that are; at laſt, found in the columns A, B, 
C, &c. will be, reſpectively, the required pro- 
babilities of winning. A 
EXAMPLE. 


Suppoſe the number of players to be 3, as 
— rung and they want 1, 2, and 3 reſ- 
vely. , 4 755 | 
Having firſt raiſed 'a+þ + to the 1 (p) 
power, and prepared 3 columns A, B, C, I take 
a (Sa) from the | 


ſaid power, divide by 5 
iy Th Ape EE 
and place the quo- B ale abbee 
tient — in the co-- . 300 IRA LN 
lumn 4; then — N F 
PE the re- — 

r Ac by 


oP a+ 


* 
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a+b--c, and from the product eb4-ac+b34- 
. 2bc4d-cc, take the terms ab-+ac, 5b. rer 
by bb, and place the 2 quotients 2 1 7; in 
the columns 4 and B; multiply the laſt re- 
mainder 2&c+cc, by a+b+c; from the product 
2 ab acc 2 be ge +3. ſelet- 2abc+acc, 2bbec, 
and 63, divide each of them by bs, and diſpoſe 
of the quotients as before; laſtly, I multiply the 
new remainder gcc by a+b+c, divide each of 


the 3 terms in the product by 54, and place the 


quotient in the columns A, B, and C as above, 
and then find the total values in theſe 3 columns 


4  abhkac abe Lace gabcc bb  2bbc 
h ‚ nn 2a Arg 24-467 ; hb 
2 3 K E : | 
, and F theſe are reſpectively equal to 


the probabilities required; which, when a, h, and 
c are equal, will therefore become g, and 2. . 
Note, The above method of ſolution is only a com- 
pounded caſe of Cor. to Prob. 1. and therefore to 
ſuch as underftand that well, the reafons of this 
will not be difficult. | | 


PROBLEM XV. 


There being (a) Chances for the happening of an 
vent, and (b) Chances for the Contrary at any 
aſſigued Trial; in how many Trials may one un- 
_— that the ſaid Event ſhall happen (r) 
tines h 


SOLUTION. 
Let # be the number ſought ; then 


a Yang? —_ 
b" +1b""a+1nx——b*a* +1 x— x 165 (r) 


a + * 


— 


| being 


" Laws of . CHANCE. . 35 
being the Pts (þ that event ſhall not hap 


r times in # trials by Prob. V.) muſt chert 83 
by the 2 be =I; whence b* 47 
| eee (r) = 


* ; where 9 < for a we have 14 


=. 


* 
— 


Rh 
from kc by the comibon e of con- 
verging or infinite ſeries the value of # may in 
*. caſe be determined. 

uppoſe a=b, or p=1; then ſince 14 


2, (r) the firſt half of the terms of the 


binomial 1 4p!" expanded in a ſeries 1s equal to 
the reſt of the terms, or half the whole power, 
the whole number of terms muſt be =,2r, and 
therefore 1 the index of the power =2r—1, 
which. i is the required value in this caſe, + 


Let + =p be very ſmall ; then becauſe in this 


caſe n muſt be very great, the numbers 1, 2, 3, &c. 
in the factors 1-1, 1-2, 1-3, &c. may be rejected 
as inconſiderable in reſpect of », which done, 
the equation ne I * + DE bSE+ 72 
(r) . where, by ſubſtituting r4v inflead 


I +7 4 
2X3 2 XK 3&4 


of pn, we get 14+7+v+ 
2 

(r) = 28 Por, by bringing the ſeveral pow- 

ers of A into ſimple terms, it will be | 

F 2 1, in 


we - 
' 


— - 
— 


** _ —_— * 
2 . 
. 


T—_— Q—— 8 — 


— e 


— —— 


— — 


» —AB 
— — 
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= 


1 


— 


0 — , % 
2 — 
1 * N 
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OS — 
= 
= 


| 
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| I, in TAS ( g Wie e 
v in 11 (1-1) . 
2 1 
— in e (nt) 2 


. „ 
Ernest -+ — ( 3) 


[ 
Put e=1 ee een 
11 (r—2), &c. and 5 = SA 


5 


log. of 2e; then it will become e+ fort 1 
1 +o | 


2 e or in 3 


2.3.4 2.3.45 


rv in i—£+£, ke. =r+v very nearly, be- 
cauſe p is ſuppoſed very ſmall; wherefore by 
| * 


redu&ion V += . „ * +» 
2e0xe—f bexe=f 


xc. Se ns whence by putting theſe known 
coefficients of the powers of v, equal to 1, B, 


C, &c. reſpectively, and e x —— we have 
v - Bz T2 3 -CX2＋53C—-5 B* -D x2* &c. 
and therefore pn (=r+v) =r+2—-B2* y2B* —C x 
z* &c, or, becauſe the ſeries converges very 

ſwift, 


ſwift, pur „ nearly; Ae £2 ch 7 is 


e 
the required value in this caſe. 
Hence if 7=1, then will e=1, f=o, &c. 5= 
Hp. log. 2=69314, 22 N an 
and u . 214. 


a If 29s. gy then e=3, =, gro, & 42 =byp. 
log. 6 =1.7917, z=—.31236, and pr=1.6784 ; 

but r+2, the ſum of the 2 firſt terms of the 

ſeries is =1.6876, and therefore greater RON 
truth only | 


b 
_ Laſtly, 2 jr 0 equal to | 
" WE” 1 & $$: 9 & 10 ſuc. 
then vile N A eh 6840 6693[9-6692] be 
the value 5s of pn reif from whence it 
appears that (ij the required value, in all caſes 


where p is very ſmall, will be = hearly, 


or pu-. Now from this, and the foregoing 
concluſion, where p was ſuppoſed =, and pn 
found =2r—1, the following theorem is deduced ; 


by help of which, the value of » in any inter- 
mediate caſe may be obtained, it being always 


IV 3 Tr, very nearly. Q. E. I. HET 
| EXAMPLE I. | 

In how many throws with 3 common dice 
may one undertake to throw the 3 aces. 


The number of chances for failing at arly 
ins being 215, and for happening only one, 


- vill therefore be =215 and £ -x7—.3+7—f=150 
the number that was to be found. 


EXAMPLE 


EXAMPLE III. 


In a lottery conſiſting of a great number of 
tickets, where the blanks are to the prizes as 50 
=_ - to 1; to find how many a perſon ought to 
it | Here 50x 5—=-3+5—7=231, is the anſwer. 

- EXAMPLE III. 


Suppoſe a lottery like the foregoing, where 
the (Lg are to 4 prizes, as N to find 
how many muſt be taken to expect 8 prizes? 
Here r being 8, and 23. z 7.37. j be- 
comes 30.4 ; therefore 30 or 31 is the anſwer. 
EXAMPLE IV. 


In how many throws, with a ſingle die, may 
a perſon undertake to throw either the ace or 
duce? ED 3 | 
Here r being =, ,— 7-37. will be 
1.7, differing from the true value 1.709 (found 
from the theorem in Prob. VII.) by. oog only. + 


PROBLEM XVI. 


Suppofing a given Number (n) of Letters a, b, c, 
d, e, , &c. or Things repreſented by them, to 


them one by one, as it happens, and lays them 
down in the Order they are taken; to find the 
Probability that any () aſſigned Letters ſhall. 
* have the very ſame Places in the ſecond. as in the 
firſt Order, and (m) other aſſigned ones, at the 
fame time, all different Places from what they 


have in that Order. 


be placed in Order, and that a Perſon draws © 


Laws of CHANCE. 4 
solLUrIoN. 


- The probability that þ happens not in the 
ſecond place of the ſecond order, and that 
ſecond place of this order, are 1 — and — — | 


w 


—I (= Ex <2) reſpectively (by Prob. I.) 
#XXa=1 n | 

And therefore if the laſt of theſe be ſubtracted - 
from the former, or, the probability chat & ſhall 
not come into the ſecond place, without any 
reſtriction of having à either in or out of the 
firſt place, the remainder 1 , it is 


_aXxXa-l1 


manifeſt, will be the probability that neither þ . 


ſhall come in the ſecond place, nor à in the firſt; 
fince a muſt neceſſarily be either in the firſt place 
or out of it; and the ſame is, alſo, the probabi- 
lity that any other 2 aſſigned letters ſhall happen 
in different places from what they poſſeſs in the 
firſt order. Wherefore if a ſhould be the firſt 
taken, of which the probability is 2, then be- 
cauſe there would remain only #— 1 letters, the 
probability of þ and c both happening out of 
their places (by ſubſtituting # — 1 for , &c. in 
the ſaid expreſſion) would, it is manifeſt, be 
expreſſed by 1 — == + therefore this 
| n—I iK 158 

drawn into — is =— —= — — 

0 * axa-l 1 
equal to the probability that 4 ſhall fall in, and 5 
and c out of their places; which being ſubtracted, 


- in like manner, from, 1 = + —== the pro- 
bability 


e- - 


bability of þ and 4 both | falling out of their ' 
places, without farther reſtriction, leaves 1 — 
dor the ptobability 


* 1, hol Ni —2 | 
that b, c and 4, or any other 3 aſſigned letters 
ſhall all happen out of their places. And there- 
fore if a ſhould firſt happen to be taken, as there 
would then be only # — 1 letters left, the _ proba» 
bility that ö, c and 4 would all happen out 6f 
tn Pune — 
this, therefore multiplied by 2, the probability 
of taking a firſt, will be the probability that 4 


their placesis 1—— 2 
2-1 IX u—-2 n iX aK a=3, 


ſhall happen in its place, and 4; c and d all out 


of their places; whence by ſubſtracting, as 
above, the probability of a, 5, c and d, or any 
other 4 aſſigned letters, falling all out of their 


places appears to be 1 —=+ 23 — 


U N #Xn=1 XxX 23-2 


+ = : and from hence the 


a IXI Xͤ 2 | 
manner of the proceſs, and law of continuation 
are manifeſt ; the numerators being the unciæ 
of the power of a binominal whoſe exponent is 
equal to the number of letters excluded their 


places; and the denominators 1, 1, #x t— 1, 


1x! —In—2, &c. And therefore the probabi- 
lity that all the aſſigned ones ſhall happen out 


wx >... wa fn 328 


of their places is 1— 4 — — 


A N 21 n NK IX 21 


— 


m x 1 0=2 mug 


+—==——=——= (m+1): but the proba- 


AXA=IXA=2X1=3 
| my 


Las of CHANCE. '43 
bility of any p aſſigned letters, as 45 b, e, &c. 
fallin 

8 1 their Poe ws ESE; 2 
2. — II.); and if theſe letters ſhoyld be firſt ſo 


ones Bin "at our of then of m ofher aſſigned 


ing all out of their places, will be 1: — 

8 — — | 
E. EWA. oo . — 14 
EL B—PXa—p—I n—PXn n 


I) per above, (x the number of letters here = 


| coming 1 -p): therefore —— 1, 
m—1 df Gong 


NX X —— 


2 2 | 
—— c 


— 


4 =D NN 


(m+1) muſt e be the value. Q. E. I. 
COROLLARY I. 


If np be m, or, the p aſſigned letters be 
propoſed to be taken in, and all the reſt out a 
their . the probability becomes 


in 1— 1 n 2 | 


22 (0) 2.3.4 
1); Which, — m 1s a large WR is equal 
0.367878 
0 —— ====n——_— 2 nearly. 


2 XK IXN 2X ZX 4090 
COROLLARY I. 


If a given number þ be to be taken in their 
es, and the reſt out -of their places, without 
— reſtriction, then the probability of takin 
any p aſſigned ones in "on places, and the reſt 
otherwiſe, being — —= (þ) in1-1+ 


Xu—1Xa3a-2 
33 


— * 
— . "I SLE 


a. — «3 
_ _— wn 
- N oo us Sm 
: 


— Sy 
* - OY - -- 
Ln 
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2 in); it is manifeſt, that 2 
many different ways as p things can be aſſigned, 
or taken ing: things, which is » * * — (2) 


ſo many times ought the ſaid quantity be re 
to give the probability in this caſe; which there- 
I "me I vl 
T | I 3 | 0.30787 6 
3 ( i); or, when m is large 15 505 
nearly. 


COROLLARY III. 


Hence if þ be put . 367878, and p be taken 
So, 1, 2, 3, &c. ſucceſſively, the ſaid 2 | 


bility, will, it is eyident, become 5, 5, , 235 


5 , | | _ 
w— &c. reſpectively equal to the probability 
of taking preciſely o, 1, 2, 3, &c. letters ac- 
cording to their places; wherefore if W C f 
(p) be ſubtracted from unity the remainder x— 
hx1+1+43+ — += (p) will be the pro- | 
bability, very nearly, that p, or a greater num- 
ber of letters, fall, according to their places in 
the firſt order. x 


EXAMPLE I. 


Let it be required to find how many changes 
can be rung on 5 bells, without any one ſtriking 
in its own proper place. 
Here becauſe p is =o, #=5, and m—g, the 

f probability 


LY 


— — 


Laws of. CHANCE. : 45 
probab ility —— | in 1 1 — ? 


1 „K -K 20 . | 
- (#41), fas in Cor. I.) will become 11 
. 1 at therefore as 


— = 

263  2+3-4 2+.3-4+5 120 | 

all the changes on 5 bells are 120, the required 

number will be 44. = A 
©. EXAMPLE n. 


A perſon holding 2 packs of cards, draws 
one out of onę pack, and another out of the 
other, and puts them together, and does the like 


by 2 others, &c. repeating the operation till all 


the cards are exhay > what is the odds that 
the cards in one or more of thoſe couples ſhall 
be found the ſame ? 1 
In this caſe, the number (52) of things being 
large, 0.367878 will, either by Cor. I. or III. be 
the probability that the cards in no one cauple 
ſhall be the ſame : therefore as 0.632122 is to 
0.367878, ſo is the required odds that the cards 
in one or more of the couples ſhall be the ſame. 


PROBLEM XVII. 
Suppofng a given Number (r) of each of ſeveral 


orts of Things, as aaa, bbb, ccc, dad, eee, fff, &c. 
to be put together in Order, and afterwards drawn 
one by one at a Venture, and laid down in the 
Order they are taten; to find the Probability that 
any (p) affigned Sorts ſhall happen to have the 
fame Places in the ſecond as in the firſt Order, and 
(m) other aſsigned Sorts, at the ſame Time, dif- 
ferent Places from what they have in that Order. 


G2 SOLUTION. 


. — 
a) 


a 


— — — | 


- 


— 
— 
. — 
% 


- — 
— — 
„ r 
- * 


— oO — — 
I - 
= 9 
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. Io W. 
This problem is ſolved by the ſame method of 
reaſoning as the foregoing; for if 2 be put = 


the total number of things of all ſorts, and 1 x 
2x3x4x5 (7) =, it is evident, from Prob. III. 


that —=— will be the probability chat 


n K n—I Xn—2(r) © 
all the a's are taken firſt; and therefore that 
of the contrary, or the probability that all the 
things of any aſſigned fort ſhall not happen 


they are in the firſt order, muſt be . 
15 n Kn — 1 


Therefore if the. a's ſhould be all taken firſt, 
as there would be then only r things left, the 
probability that the hr would not, all, come out 
next, or fall in their places, muſt, it is evident, 
be 1 ==; wherefore this multi- 
+ tr X n—r—1 (7) i 
plied by „as expreſſed above, gives 
A X a—1 r) F 
1 yy 
. or the probability 


the 7 firſt taken ſhall be all 4s, and the r next 
not all h/; and this ſubtracted from 1 


_nXxn==l(r) : 
the probability that the 4's ſhall not all be ſo taken, 


without any reſtriction whether the 47 be, or be 


not, firſt taken, leaves 1! 4 


nXa—l (r) nxn=1(2r) 

= the probability that neither the g's nor #'s 

ſhall come out according to their places ; whence, 

by repeating the operation in the ſame manner 

as in the laſt problem, the required Py 
W 


K  — 


Laws of CHANCE. 9 


will appear to be — in. 1 
| li ( 1 
m — | 


* , 
* " 
2 ms 


Kc. Where, if er be taken =1, r will be =1, 
and the ſolution the ſame as the foregoing. 


— * PROBLEM xv n, | 


Three Per ons, A, B, and C, throw in their Turns 5 
a Solid having (F) regular Faces, and be who. 


 firft happens to bring up an aſigned Face is thereon 
to be entitled to es Benefit ; required the 
ſrvergl, Probabilities of obtaining it. 


SOLUTION, 


Let the value of the benefit or thing expected 
be denoted by unity: then ſince {by Cor. to 
Prob. I.) the probability that the aſſigned face ſhall 
fail #1 throws ſucceſſively, and come up the 
next after, is 8 *, this quantity, it is 
manifeſt, will alſo expreſs the expectation on 
the throw whoſe number, from the beginning, 
1s denoted by x : therefore in order to find the 
total expectation of A, as the 1ſt, 4th, 7th, &c. 
throws pertain to him, let » be expounded by 
I, 4, 7, 11, &c. ſucceſſively; then the above 


1 I =o "oY | 


expreſſion will become , , —— 


reſpectively, and the ſum of theſe will be the 35 


firſt value ſought. In like manner, if » be ex- 
pounded by 2, 5, 8, &c. and 3, 6, 9, &c. the 


to 


| 1 0 o + 1 7 : 
a—pXna—rp—1 (rer) n N- 2r) 


— — 


——— — 


—— 


£ — 


i = WY 
os, 
= * N 
— * 
- _ —_— - = 
4 — ——— —ñä ͥ́—ꝛuw— — —— — 


— . \ \ 
— 2 
= — 


— * — W - 
w * * 


— = 9 


-— 


— 
- 
— 
22 — ca a EE. ERS — — — — 
G D _ — os - \ — — 
6 2 * 9 N — 1 rr 42 — 
—— Y Pp, * mas . 
— - = - __ # ws a 
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total expectations, or probabilities of B and C 


will come out 2 + TN 

1 2 — — 8 5 | [IO a, 1 | | 
EY LEE + SL, Ne. relpedtively:. but 
as theſe 3 values are infinite ſeries whoſe terms 


are in geometrical progreſſion, they my be Wm. 
very eaſily ſummed, being r wo rf 


= and —; reſpectively; Which 
are the numbers that were required to be found. 
But the ſolution in any caſe may be more eaſily 
had by conſidering that the expectations of 4, 
B, C, &c. on their firſt throws are to one another 


as their total expectations; for then by = by 


many terms of the progreſſion I, =, 27, 
Fans 


, &c. as there are players concerned, and 


dividing each of them by the whole ſum, the 
ſeveral quotients will be reſpectively equal to the 
required probabilities. | — 


PROBLEM XIX. 


Two Gameſters, A and B, whoſe Chances 775 winning 
any aſſigned Game are in the given Ratio of (a) 
to (b), enter into Play on this Condition ; - that 
A at the Beginning of every Game ſhall ſet the 
Sum (e) to the Sum (f), and that the Play ſhall 
laſt as long as he continues to win without Inter- 
miſſion ; it is required to find the Gain or Advan- | . 
tage of A. 


SOLUTION. 


Laws of CHANCE. = 


Since the expectation of A on any game, when 


it comes to be played, is j e+f, if (e) his 
take be dedufted therefrom, the remainder 
FT will conſequently be pri pt. = 
the advantage or gain on any game, whoſe num- 
ber from the ed 1s denoted by x, to be 
computed before the play begins, muſt be 
compounded of the ſaid gain 2 Ff. and the 
3 that the play will not be ended 

ore that game comes to be decided; that is, 


of 5 and 2 the probability of bis 


winning all the preceding 1 1 games: where- 
fore if # be taken equal to 1, 2, 3, 4, &c. ſuc 


—be ; | 
celively, : we * ſhall have AE into 1, 7 


= 2 &c. for che gain on the iſt, ad, 
zd and qgth games, &c. reſpectively; thar 


progreſſion, infinitely continued, or into 


a+6 
a* 3 | 7 

+ pt pt 4. —6 mu 

be the true value. Q. E. I. 


PROBLEM XX. 


A and B, whoſe Chances for winning any ſingle 
Game are in Proportion as ſa to ( b), the former 
having (p) and the latter (q) Stakes, are deter- 
mined to play together till one of them has he x 


-_— "The 'Narons r 
| all: to find their reſpective Probabilities of win 
. xing, with the Gain or Advantage of A, Sc. 2 
'  $OLUTION, | 


Let the expectation of 4, when he has any 
given number y of ſtakes in poſſeſſion, be ex- 
preſſed by 2; and when he has one ſtake more, 
or +1, ſuppoſe his expectation to be encreaſed 
by R, or to become R; and when he has 
yet one more, or y-þ2, let this laſt expectation 
be encreaſed by S, &c. &c. Now when he has 
v ſtakes, he muſt after one 2 have either 

„ or y+2 ſtakes; if he wins that game he muſt 
have y-, and his expectation will then be .- 

. . q* . a 

R-; this therefore multiplied by 79 the 
probability of winning, gives . for 
his expectation, in caſe of winning, while the 
event remains yet undetermined. If he loſes 
the game, he will have only y ſtakes, and his 
expectation will then be Q; this multiphed by 
35 the probability of loſing, gives —= for the 
expectation in caſe of loſing: but it is manifeſt 


that EL, the ſum of thoſe two, 
muſt be equal to R, his total expectation in 
this circumſtance : whence by reduction we have 
Sa = Rb, or, R to 5, as à to; and hence it ap- 
pears that the values of the aforeſaid increments, R, 
S,T, J, &c. are ſuch, that any one of them is 
to that which immediately ſucceeds it, in the ( 
given ratio of a to 5; and therefore W 
tute 


_ 
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Laws * CHANCE. 1 
Ries cls fem li fegte progreion, 


of which the common ratio is? Wherefore, ler 
N _ will RASET (, or its 


equal RC-. (ohr it is manifeſt, 


2 


be the wal expe u 4 in d prop 


circurnſtance ; ual for The ſane Rog RI 


＋ r (p+9) will be his expectation, 
3 he has p-+q ſtakes in poſſeſſion; but this 


by the queſtion is =p +9 ; wherefore R equal 
2 ; . which ſubſtiruced inſtead 
PURE | 
there. is he. other expreſſion gives pA into 
++ (? * "" Sands 3 —37 


1+2+E+5 re r 


for the expeRtiivn of A in the propoſed circum- 


ſtance ; which ſubtracted from p+g leaves p +9 


1 for that of  B; therefore the 


of +1 *. 


gain of A is De SQ . and the 


ft +1_ 77. 7 
ratio of the — of winning as a! x at —# 
to #xai—H, reſpectively. Q. E. I. 
.COROLLARY I. 


When 4 is , then EC LI: fl 2. 
2 will be = pk; and the odds diredtly xs the 


5 to loſe. 
H CORALLARY. 
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3 COROLLARY Il. 


If pr, then will a-, to % — 7% 
become as a? to 5, for the odds in this eaſe. 


COROLLARY III. 


When 5 is conſiderably ſmaller than a, and p 
and 9 large numbers, 5% and b will be incon- 
ſiderable in reſpect of a/ and 41; and therefore 
in that caſe the odds will be as af to , or as 1 
to 7 nearly. Atl 

EXAMPLE. | 

Suppoſe B to be throwing with 2 dice, and 
every time that 2 aces come up, A to give him 
1 guinea, and every time that an ace and duce, 
B to give A one, and that they agree to continue 
to play on in this manner till one of them is a 
winner of 100 guineas; to find the expectation 
of each, and the advantage or gain of 4 by this 

reement. | 

Beczuſe there are 2 chances for an ace and 
duce, and only 1 for 2 aces, @ will here = 2, 
and þ = 1, and therefore the odds {by Cor. II.) 
as 2100, to 1, or as et ; 
1267000000000000000000000000000, to 1 
nearly; whence the expectation of 4 will be 


200 x 219 200 2 
75477 and that of B, 75557 which is not 


n &c. 8 of a farthing; therefore 
the gain of A is 100 guineas leſſened by that 
{mall quantity. 


PROBLEM. 


Liws of CHANCE. 53 
tank 6h \PROBLEM XXI. 


Tus Ganser, A and B, are at play together, and 
be latter having loſs (p) Stakes, is determined 
nt to give aut, till he bas won them again ; to 
find the Probability that be never effefts bis De- 
= fe, 93 the Play to continue without Limi- 


of Chances (b) for 
any ee Came * leſs than (a) * for Z 
©» SOLUTION. 


- 


It ies br he 1h tn A th | 
of A's winning 4 ſtakes before he loſes p ſtakes 
will be as ar to b?xa1-bt: "therefore, 
becauſe B, if he ever wins his p ftakes 
muſt do 11 he is a loſer of an i 
number of other ſtakes, let q in the abbve pro- 
portion be ſuppoſed Gd i, then it will ſhew 
the odds in this caſe ; but then as bg will bear 


no compariſon with ag, it will be as a9 x af — a —by, | 
to H, that is, as ap — bp to bp; therefore : 
the. required Probability i is 1=7P. 


PROBLEM XXI. 


To find the Chances that there are for throwing 


preciſely any Number of Points (p), with any 
Number of Dice (n), each Die 2 . 4 given 
Number ( of Faces. | 


_ SOLUTION, 


Firſt, ler there be a ſer of dice, having each 
p, or a greater number of faces; then the chances 
N and all its. inferior numbers on # ſuch 


H 2 dice, 


4 


f 


5 we Narva aud; | 
dice, will be equal to the chances for throwing 


PI points 
dice ; fince it 1 evident that with all the chances 


<= . 
3 
— 


for on the » firſt dice, the ace of the new 


added die may be combined, and with all the 


chances for - 1 the duce of the ſame, &c. 
And therefore, if in the 


3, or 4; &c. be put to denote 
dice, and p—2, p—1, p, or p+1, &c. the 
number of points, and the quantities in the inter- 


ſection of the columns be the chances for throwing 


the ſaid points with thoſe dice; that is, if for 
throwing p—1 points with 3 dice the chances be 


C, for p points with 


UE IDD 7 HE Cp SN 
4 dice, D, &c, &c. L. |&c.|&c.|&c.|&c, cc. — 
it is manifeſt, that |— % FRF — 
s „E 4 
BuilsdA+4+4+, [TT 
of 4 74 —114|B]|C|D|E|F#]G 
A&C, D=C+C+C, * . 5 LIEdLS 
&c. D=C4C, &c. TY; © SS AM 57 * 12 


and therefore D — 
/ 


D=C, and conſequently, far the ſame reaſon, 
E—E=D, F—-F=E, &c, &c. Wherefore it 
/ "5 


appears that the values of B, C, &c. are ſuch, 
that increaſing p by unity they will be augmented 
by 1, 4, B, &c. Whence by the method of 
increments thoſe values are eafily had equal to 
„ eee reed "te, oe 


2 


pectively. Therefore it is manifeſt, that the num- 
ber of chances for throwing p points preciſely w - cha 
| | u 


= 


reciſely with #4-1 of the ſame . * 


annexed ſcheme, 1, 2, 
075 the under of 


. 


face whete the number is 
red, and the reſt black ones; and, for the ſake 


. 
A 2 : 2 3 i : 
m . * ö 
+ L 1 « 4 8 * * * _ A 
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foch dice will be £2 x £2 x2 (#1). But 


nom in order to find the required value from 


hence, let the chances expreſſed by this ſeries be 
called S, and any one affigned die A, another B, 
a third C, & c. and ſuppoſe the points on each 
greater than F to bo 


perſpicuity, let the red or black faces of any 

ie be called the red or black part of that die: 
this being premiſed, it is evident that the chances 
for þ points preciſely with » of theſe dice, ſo as 
to have the red part of the die 4, always upwards, 
will be exactly equal to the chances on the ſame 
dice for , without any reſtriction. For let 


the points on each red face of that die be con- 


ceived to be diminiſhed by f, then as one or 
other of the faces ſo diminiſhed is, in this caſe, 
always upwards, the number of chances for p 
before ſuch diminution will conſequently be 
equal to the chances for p—F after it, that is, if 


p—f be put g, equal to il 


 (n—1) by what has juſt now been determined. 


And from the ſame way of reaſoning it is plain 
that the number of chances for p points, ſo as 
to have the red parts both of 4 and B always 
upwards, is 3 (n-—1) : and for 
throwing the fame points, ſo as to have the red 
parts of A, B, and C upwards, — * 
(1) &c. &c. 7, 5, t, &. being equal to 2-2, 


P—3/, p—4f, &c. reſpectively. Now let theſe 


quantities 
7 


; . a av 23 8 * * ** * 1 * 1 - "OI 5 
r — . 4 - n e CO EOS K rn 
© 4 * - 6 - 4 — * 4 if ** »t . * 2 
. > \ p c ot 
. N *7 . - . - - 


* 7 - 
4 my "4 «7 46 ad . * o * . 94 N * 2 
\ 2 * ; * p | \ . rt * 
Ky : 1 ; 
„ ; L \ BY 
, 5 8 * 6 * N 
4 * S 
„ «. - 
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8 7 = go 4 "CSS $=$ 2. 
quantities [2 {122x123 (#1), 2 
* (1—1), &c. be reſpectively denated by G, 
H, I, X, &c. And let the chances in 8, where 
the red part of A is up alone without other red 
ones, be called g; thoſe, where the red parts oft 
Aand B are up together without others of the 
ſame colour, þ; thoſe, where the red parts of 
A, B, and C are all up together without other 
red ones, i, &c. &c. Then, it is evident, that 
is alſo the number of chances for having the 
red part of B alone, or of C alone, & e. and 
therefore all the chances in & for having one red 
face preciſely will be ng : alſo as þ is the chances 
wherein either AC, AD, BC, or CD, & c. 
are red, and the reſt black; and becauſe theſe, 
the combinations of » things taken 2 by 2, are 
in number = the chances} in S, with 
2 red faces preciſely, in each, will there- 
fore be * b; and furthermore, ſince the 
number of combinations of 1 things taken 3 bvß 
3, 4 by 4, &c. is N and * N 
= =, &c. it follows that the ſam of all 
the chances in S, with one or more red faces, in 
each, will be g- b =* = i, &c. 
which ſubtracted from &, the whole number of 


chances, leaves S—1g—1 x — 2 * X — 


. 2-1, 2 


211 ws. for the number 1 
3 | of 


4 


of - chances with black points alone which is 
manifeſtly . to the number ſought. But 
now to get rid of g, b, &c. let & be the chances, 
is 5 ha tre made. why the parts of any 
number 4 of aſſigned dice, A . 
without other parts of the ſame colour; or, 
which. is the ſame, let & denote any one of the 
ſaid quantities g, , &c, and let p denote the 
chances in &, Having i in each of them, alſo, pre- 
ciſely a red parts, but only a given number r. of 
— aſſigned ones, the other a— being varied ay 
often as poſſible; then as the number of dios or 
parts to be thus varied, or combined, is - is 


the number of ſuch combinations will be *=< 


— 12022 


= 12 by Prob. 1II. 8 And 1 
fore fs number of chances in the latter of theſe 


2 caſes, juſt —= x x 2. — X (a=). times 


as great as that in the former, or, P=g i into 
„ (0. Now taking Dr, 


7 3 
and 4 ava to I a, 2, 3. +, &c. ſucceſlively, ». 2 
becomes g, 5, i, k, &c. and P equal to g, 


221 h, go] 2 , 121 122 1 3 h 


2 
reſpeXtively ; ; therefore as theſe quantities rel; 
tively ſhew the chances i in $, having the red Dre 
of A alone, or with 1 other, or 2 others, &c, 
preciſely, their ſum muſt conſequently. be equal 
to E, all the chances in S with the red part of 
A, and therefore g=G——=— hb — Xx —== 


I 2 


i, &c, 


4 


4 


* 
— — 
— 
— c—_ == P - 
= _ = — — A _ 
_ _ = —- hos 
— —— 
— ra 56s l — 
— 2 — — _ 7 © — = = 
« * 4 © © 
1 "4 : 1 n. 
= 
- . « 
G 


— 
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3 &c. In like manner by tak n c 1, and 

\a=2, 3, 4, &c. ſucceſſively, &c. we have h=H= 
— —— x k, &c. 11 = 1 * 


— „ &c. Whence by ſubſtituting theſe values 


One by One in -E ** = 
i, &c. as above found, we have S- G N 
. Hoy x == x INT 
K. &c. where by e the known baue, of 
S, &, H, &c. there will be | 


+ e (n=1) 
EVER ne: F 0 


= 


+ Ex eg in. * =—— 


e 2 
1 3 
&c. where q is IP r=p=2f, * af, xc. 
and the number ſeries to be continued till ſome 
one factor becomes nothing or negative. Q. E. I. 


COROLLARY. 


Hence che chances for not coming up a pron 
number of points than at any aſſigned throw 
is very readily determined, being equal to. 


* (a) 
=gx * (1) in # 


a Laws of CHANCE. 59 


\ ** ( in . 
KXxc. Kxc. 
| EXAMPLE. I. 


Let it be 2 to find the odds that a 
perſon at the fir | 

does not throw juſt 8 points; then F being = 6, 
p=8, and n=2, the general expreſſion becomes 
=7—2=5= the number of chances for 8 
points, which therefore taken from 6*, the 
whole number of all the chances, leaves 31 
chances for the contrary ; whence the required 


t throw with 2 common dice 


odds is as 31 to 5. | ED 
Note, When the number of points propoſed to dle 


thrown, according to the Problem, is "nearer to 
the greateſt number that can be had, than the 
leaſt, it will be convenient to uſe inſtead thereof 
that number, as far diftant from the leſſer extreme, 
as it is from the greater, the chances for both 
being manifeſtly the ſame. 


EXAMPLE II. 


How many chances are there to have 50 
points, preciſely, on 10 dice? Here 20 being 
as much greater than one extreme (10) as 50 1s 
exceeded by the other (60), we ſhall have p= 
20, t=10, f=b, q=14, r=8, S=2; and there- 
fore N N iNN 
* x2x4x3x$x4=85228, the number that 


' was to be found. 


1 EXAMPLE 


ö 


60 The . Narvnz and 
EXAMPLE III. 


What are the odds that at the firſt throw with 
10 dice there ſhall come up more than 15 points? 
Here taking n=10, f=6, p=1 5, and ſubſtituting 
theſe values in the ſecond general expreſſion, we 
ſhall have 3093 for the number of chances by 
which 15 points and all its inferior numbers may 
happen; this taken from 60466176=6]* the 
whole number of chances leaves 604631 733 there- 
fore as 60463173 to 3003, fo are the odds, 


A TABTE exhibiting the Chances by which an 
Number of Points may be preciſely had wi 
10 common Dice. 122 


8 


— 


Points. Chan. Points, Chan. | Points. Chances. | Points.] Chances. 


to · 1 [17 « 53] 11340[24 + 46] 576565 |31 + 39 3393610 
rt + 59] 10 8. 52] 2376c[25-» 45] 831204 [32 +» 3808801535 
12 + 58] 55 9 51 2 26 « 441161370 [33 + 37] 4121260 
13+ 57] 220 fz. 5o| $5228 27 + 43] 1535040 [34 · 36] 4325310 
14. 56] 715 [z. 49114794028 . 421972630 [35 + 35} 4395456 q. , 
15 . 55] 2002 [22 . 4824392 F529 . 41 2446300 [Total of all the 
6 . 54] 4995 [23 + 47/383470130 + 40] 29045: :hances being el 
[—60466176. 


- 


PROBLEM XXIII. 


There is a Solid having (m) fimilar and equal Faces, 
whereof (p) are marked A; (q) of them, B; 
r, C, Sc. What is the. Probability that in 
throwing up a given Number (u) of ſuch Solids ' 
there ſhall ariſe a given Number (h) of aſſigned” 
Sorts of Faces, as d, B, C, &c. 


SOLUTION. 


, 


Laws of CHANCE. 61 

Fr ©; | "SOLUTION, 
The probability that no 4 ſhall come up 
being ===>, (by. Prob. I.) that of the contrary 
muſt be — ; and therefore as the whole 
number af chances is , that for having one, 
or more A upwards will conſequently be m%— 
; that is, there are m—m—p* dif- 
ferent ways by which the faces of the ſolids 
may be varied to have one A or more up at 
each variation. Therefore if all the faces marked 
B be now reſtrained from coming up, then there 
— only m—4g faces that can ariſe, the laſt ex- 
preſſion will (by ſubſtituting m—9 inſtead m), it 
is evident, become m—gqV—m—p—gV, equal to 
all the variations that can poſſibly be made to 
have A up, wheh B is reſtrained from appearing; 


which therefore being ſubtracted from -, 
the chances for having A up, without any reſtriction 


upon B, leaves 1. "+ m—p— a for the 
lm —g] 

number of chances to have both A and B upwards; 
ſince it is ſelf evident that in all the ſaid variations 

for A, either B muſt, or muſt not, be upwards. In 

like manner, if the Cs be all reſtrained from coming 

upwards, mn, the number of faces in each ſolid, may 

be conceived to be reduced to x, and then the 


laſt expreſſion will become = (—[==2=, * 


mM—p—q—1" for the number of variations that 
can be made with A and B up, when C is reſ- 
trained from appearing; wherefore this taken from 
. ＋ -, as found above, muſt 

* 12 : leave 


> | * 
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m—" 


| S—p- a — 
leave nu. = — pq =" 


I 


for the number of different ways by which 4, B 
and C may be all upwards. By the ſame method 
of reafoning the chances for having 4, B, C 
and D all upwards will be found 


= 3 mi 
ES EEE 


Wherefore dividing the quantity thus reſulting 
by mn, the whole number of chances, the quo- . 
tient, it is manifeſt, will be the probability 
required. | 


COROLLARY I. 


Wherefore, when p, 9, r, &c. are equal to 
one another, the number of chances in the laſt 
caſe will. it is evident, become m- AN = - 
+ 6 x mi—2P" —4 X m—3p" +m—4f*; where the 
uncie are thoſe of a binomial raiſed to the power 
whoſe index, is equal to the number of ſorts A, 
B, C, D, whoſe chances for happening all 
upwards, are exhibited by that expreſſion ; and 
the like appears in any other caſe. Therefore when 


p, 9, r, &c. are as above ſpecified, 


mb x meÞn+b x20 mae x= 
ARE 1 


— —„— 


&c. 


63 


bend conſent beth Wh poſed to 
be found. | | - pe 


COROLLARY. u. 25 gn 
| Becauſe when m is a large, — ſmall num- - 
ber, the quantities , A”, pb, &c. 
are "nearly i in a geomerical 1 progreſſion or equal 
to , mp", — , &cc. reſpectively, the 
above expreſſion, -in mis caſe, will be — 


-., „ 
equal t to 9 3 =1 
—bx * 21 55 , 


_ » &c, or that 3 of the binomial | 
3 whoſe index is , that is = 


p 
—1—2\} ; and therefore if the required pro- 
bability be denoted by P, in this caſe P will 
EI —1— an very nearly: whence - PR=1— 


rs PN b 
p Pf, and — a | 


4 L. iy 
I—-], 1—3 - 
g. 15 


? in hyp. log. t—PT nearly; by which, if P be 


given, 1 may be obtained. 75 
_ EXAMPLE J. | 


One with 2 common dice undertakes to throw \ 
both the numbers 5 and 7 at 3 trials; what are 
the odds againſt him? Here if we ſuppoſe a 
die, or ſolid, having 36 faces, whereof 4 are 
marked 
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marked A, and 6'B; it is manifeſt that the pro- 
bability of throwing both A and B in 3 throws 
with that ſolid, is the ſame as that of throwing - 
both the numbers 5 and 7 at 3 trials with 2 
common dice: wherefore, according to the ge- 
neral mi we have m 36, p=4, 4 =, n=3, 
Tan Hp 2 A* | \ 88 
af — . .o ei 
PL 181 
Vr; whence the odds are as 293 to 31. 


EXAMPLE II. 


Let it be required. to find the probability that 
a perſon in throwing 6 common dice ſhall bring 
up the ace, duce and tray. | 

In this caſe, » is =6, h=3, m=b, pl, 
q=1, &c. Therefore (by Cor. I.) 


6%—3x 5* +2 x 4%—3* = 17 will be the value 


6® 


and 


ſought. 
EXAMPLE III. 


To find in how many throws with a fingle die 
one may undertake to throw all the 6 faces. 

By comparing this caſe with Cor. II. we have 
nl, mb, b, P, and (2) the required 


number equal 


Log. 1 . a 
PROBLEM XXIV. 


To find the Probability that a propoſed Event ſhall 
happen a given Number of Times (þp) without 
Intermiſſion in a given Number (n) of Tryals. 


Let 


Laws - of CHANCE. 63 


Let + be the probability of happening of the 
propoſed event at any aſſigned trial, and. m that 
of ; and upon the happening of the 
ſaid event p times ſucceſſively, let a petſon, B, 
receive a certain ſum &: then, will the probability 
of receiving that ſum at the end of an aſſigned num - 
her of trials be compounded of 3 others; as, firſt, 
the probability of happening of the propoſed 
event ↄ times in ſo many trials: ſecond, that of 
its failing the time immediately preceding thoſe 
trials: and laſtly, that of his not having received 
it before that time. For if the firſt ſucceed not, 
the thing is manifeſtly impoſſible; if the ſecond 

prove contrary, he muſt either not recieve it at 
all, or at the end of ſome of the preceding trials; 
and, laſtly, when he has once received it, there 
can be no farther probability of obtaining it 
from any future trial, M6 

Therefore, as the probability of the propoſed 
event's failing any one aſſigned trial, and then 
7 p times without intermiſſion, is mf, 
{by Prob. 1.) if rt be put Sa, and mxrt=x, we 
ſhall have x equal to the probability of his re- 
ceiving the ſaid ſum at the end of p+1, p+2, 
PÞ+3 «+00. or pp trials, becauſe, it is manifeſt, 
the laſt of the aforenamed probabilities does not 
take place till after the 2p firſt trials: but the 
manner how each value is derived from the pre- 
ceding ones, and the relation they bear to one 
another, will appear better by help of the 
following ſcheme; wherem the ſecond column 
towards the left hand ſhews the probability of 
receiving that ſum at the end of a given number 
of trials repreſented by the firſt; and the third, 

1 
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the probability that he receives it ſome time in 
thoſe trials. Each line, or expreſſion, of the 
ſecond column being formed by drawing x into 
the exceſs of unity above the value of that line of 

the third column, whoſe diſtance, or place above 
the line ſo formed, is denoted by p+1 ; accor- 
ding to the reaſons above ſpecified, this laſt co- 
lumn being generated by a continual addition of 
the terms of the former. 8 


* 


Tryals. Probability. Probability. 
P a - 
p+1]x * a+x 
pT 4 ＋2K* 
&c. lx &c. 
2p. 4s 1p 
25 + ˖ X 1—2 a—ax+þ+1xx 
2þ + 2|* X I—=a—x a==2ax+þ +2 +2 X *—2 
25 + 37 X 1—a—2x a——zax+Þþ+3 Xx -g a 
r 14—4ax+f +4 x x—b6x* 
3p X I—a—p—I xXx | x $==!1 
* — pa + 2 px—p — ** 


Now from having proceeded thus far, the law 
of continuation is manifeſt; the value of the 
zd column, or the required probability, in any 
cale, (where # is not leſs than p) being a in 1— 


Hl -_— : * 


LL Ds PT, — „5 1 —2 
C * - x 55 * 


REES Laws * 


6 1 


= Ke. plus el. 
. , er where 6 iv put = E 
3 „ 4 
. 137, &c. Q. E. I. 
| EXAMPLE 1. 


10 it be required to throw a propoſed chance 
3 times without intermiſſion in 10 trials; when 
the odds for its happening any affigned crial are 


as2to 1: then taking re e Þ=3» 


1=10; we have ve r, 14, rr, vr, and 


therefore ringing Fr = for the 
probability in this caſe. 
- EXAMPLE II. *1 | 
In 200 throws with a ſingle die, what are the 
odds that the ace does not come up 8 times ſuc- 
ceſſively? Here r being” =+, wats p=8, n= 


200, our ſeries become 77 x 1D X12 Kc. + 


LL I LEXIS, &c. 0000966442 nearly; 


which ſubtracted from 1, leaves .9999033558 ; 
therefore the required odds will be as .999903 


&c. to .o000966442, or as 10356 to 1 nearly. 
Note. Though to have the anfwer accurately true, 
both the feries ought to be continued till they ter- 


minate, or ſome 1 the factors become negative ; 
- yet 
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et if a near approximation be only . a en 
of A firſt terms may ſuffice as. in the laft 
example, where by taking only 2 terms of each 
ſeries, the true ſolution is exhibited to. . ban 
rot vv part of the whole. 


PROBLEM XXV. 


A and B, whoſe Proportion of | Skill, or Chance” or 
winning any aſſigned Game, is as (a) to („/, 
agree to play together, till the former. is a Winner 
of (p Stakes, or the latter o AL (9), Stakes ; to 
find the Probability, that the berween them. 
ends in a given Number (n) of Gn, 


SOLUTION. | 
Cas I. Let p=2 and 9q=2 ; then the Ro 


; 


2 
i 246] 
value will be 1 = when n is an even num- 


—1 


| 2as] * 
ber, and ———— when an odd one. 
Cas II. Let p=3 and g=3; then 1— 


=, r — according as 1 is odd 
or even, will be the value in this caſe. 


CAsE III. Suppofing a and b, or the Chances 
of the Gameſters to be equal. From the binomial 
I+1 raiſed to the 2 power, cut ol as many 


terms as there are units in Z * , and of 


theſe take the q laſt, na the 5 OR” take 
the 


Laws "CHANCE. © e 


che bekt; feject the 5 nent, re. till all the | 
terms are (exhauſted then the ſum of all the 
terms thus taken, divided by 2, will be the 

E of the ay ending} in favour of A, 


| poſed number of games, if =p be an 
bad 1 And if the watts © of thoſe cht off, 


* whoſe diſtances from the laſt are denoted by o, 
a 29+Þ, 24429, 30 Pep, &c. be taken 


— and alternately, and added to 
| CTY I, above Kad ſum, and the whole be 
divided by 2. you will have the probability of 
the ſame in 4 er caſe when m 
odd number. | 


| Generath.. Put "SHE Sn, and let oa 


m firlt terms of 2 l in a 17 00 be 
denoted by R; the n- firſt, by S; the m— 
97 firſt, by of the m—29—p firſt, by U, &c. 


Alſo let . and the 1 laſt terms of 


the ſaid ſeries be denoted by r; the Y laſt, by 
s; the - laft, by ?: the /-294— laſt; by 
v, c. Then the probability of the play ending 
in favour of A, in the _—_ number of games, 


* 
will be R=S X— N FT Y . i +IT x 


29+ 4 +7 
Io FY , &c: +63 my T . 


3 wen g 


* 


, &c. when the whole 


is divided A Ns, 11 it is manifeſt, that 


what is ſai 


in either of the 2 laſt caſes, will 
Co 2 | hold 
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held equally, in reſpe& to the play ending in 
= favour of B, if p be changed for 4, q for p, 6 
1 for a, and a for 5. 

' COROLLARY. 


If 4, the number of ſtakes which 4 has to 
loſe, be greater than » the number of games, 


preflion =R+J ; which ſhews'the probability 


that he has of being a winner of p ſtakes in the 

- given number of games, when the duration of 
the play is not reſtrained by what he may happen 
to loſe : and this, when r: is an odd number, 
and a b, will, it is manifeſt, be juſt double to 

the probability that there 1s of his coming off an 

$- actual winner of 4, or more, ſtakes at the end 

WP of » games; ſuppoſing here, contrary to the 

j 2 the duration of the play to be 

imited to that number. * 

Note 1. That when any number of terms, to be 
taken as in caſe the third, is greater than that of 
the terms remaining, theſe laft muſt be uſed inſtead 
of the former. 

Note 2. That the figns + and — both prefixed to 
4+ in any expreſſion, are to be uſed, according as 
that or this ſhall be found neceſſary to make that 
expreſſion a whole number. 


EXAMPLE I. 


Let a=1, b=1, n=11,+ and the number of 
' ſtakes each gameſter has to loſe =3 ; x 
| 4 


72 


Laws of CHANCE. * 
75 1 


Gibb. IE arts aill ts the probable 


IIS 1024 
lity that the lay is ended in 11 games: but to 
find the a ng to caſe che 3d, from 
+1 . , Kc. (= Fn) =1 +114 55+ 
165, Kc. 1 cut off the 3 (6 E) fiſt 


terms, take the ſum of the 3 (4). laſt of thetn, 
4 56+ 165 +330=550, and reje& the reſt; and 
and becauſe 8 (=) is not an odd debe 
twice this * 21100, I ee 


divide the aggregate by 2 
out r for 4 t | the value ſought. 


EXAMPLE II. 


Let a=b, p=6, 9 lo, and #=2t. From 
1421421 * , &c. cutting off the. firſt 8 terms 
I +21 +210 + 1330 + 5985 + 20349 + 54204 + 
116280, taking their ſum and dividing the ſame 

20 _198440 _ 24805 + 
by 21** we have . 2 72 or the proba- 
bility of the play ending to the advantage of 4 
in 21 games. And by taking the ſum of the 
firſt fix of thoſe terms and dividing as before, 
there comes out 2 426555 8 for the proba- 
bility of the ſame thing happening in favour of 


B; but the ſum of thoſe two is 2 and 


therefore the odds that the play is not ended in 
21 games as 33768—7073 to 7073, or nearly as 
11 to 3. 


EXAMPLE 


e 
4 e 
„ uy b 
o 


— 


„ 
** 


4 a Wit. _—_— q * : = 
| 7 . 
4 2 2 R ä * wt — St ER . 
3 a a „ off 2 lh r py 
7 #1" ot 
. 3 7 


1 


| EXAMPLE III. 5 

Suppoſe p=3, 4=4, 1=11, a=2, and b; 
then, according. to the 4th caſe, R will be = 
+118%% 4 554%* 4163 +3300'b%, of 27% _. 
| 16488+22043304330=128 x 984, $=a"t=128 3 
o x 16, To, &c. r=b"*41161%a4 556%a*41656* 
bv 4 12272201320 = 1563, \5=0, &c. and 
5 NS &c. 4 &c. FOUR 
therefore —— 2 is 

| i 4a + 177147 2 
the probability that the play ends to the advan- 
tage of 4 in 11 games; and if to this be added 
22, thewing the like in reſpe& to B, there 
will ariſe -_ 775 for the required probability of 
the play being ended in 11 games. 


—— — — 
4 = 


* * 


4 . = 2 


PROBLEM XXVI. 
A and B „ whoſe Chances for winning any fingle 


| Game are in Proportion as (a) to (, enter into 
Play together. What is the Probability that A 
Shall firft be a Loſer of (q) Stakes, before he is 
4 Winner of (p) Stakes, and afterwards a Winner 
of (p} Stakes, and all this in the firſt (nu) Games? 


SOLUTION. 


It is found in the laſt problem, that the 
probability which A has of being a winper of p 
ſtakes in the propoſed number of games, re- 


R— 


taining the ſame conſtruction, is 


wi 8 8 lay " > . to terminste ü 8 his. 
lofing 4 fta 5 if vp ſhould: happen befq 
» garnes are expired. And it appears * ws 


corollary to the fame, that the N E has 


of being a winner Fe thoſe. ſtakes, in the ſame 
number of „when the duration of the play 
is not reſtrained by what he may happen to bie. 


is RH: therefore by ſo much as this laſt 


value exceeds the former, by fo much, it is 

manifeſt," will- the probability be expreſt, that 

he ſhall be firſt a I i of f Hen and afterwards. 

a winner of p ſuch, or this exceſs, which is 
4 | 29 +þ 

8 A 1 + US &. +5 x 


— — 


— — 
bd ; 


2775 5 
| 5 
1 „ N. e 4 5 
et — FOR — — | a wall be. 
a 
the value. QF. I. 


cCokolLARx. 


When 4 is b, the ** will be more eaſily 
had by che following contraction of the foregoing 
method, z. e. From 1＋1 raiſed to the » power, 
cut off as many terms as there are units in 


4 obs, and of theſe take the p laſt, 


EP, | reject | 


— f ; — 2— = 
* * p wv 7 * < K — . — —_ = 
. - 4 I , q | 2 - » FT © 
KP + * . 7 "> . 9 ” 6 mY 4 -* * * 
=o LESS eee, „ . . 
2 USES Ertl Ws TER "—— 
” \ * 4x" b l 
8 a 1 
1 
= * y 4 * _» 
: 1 « „ * 
g A Þ y 
- * * „ L — 4 * = 
# - vx * 
* 4 . 0 — 1 
. - K 


i 
: 
2 
13 
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reject the 9 preceding ones, take the p next, 


reject the q next, &c. Then, if „—ß5 be K 
odd number, the ſum of all the os thus 
2 divided by , will give the _ £ 


And, when —5 is an even n 


if 1 terms of thoſe ſo cut off, whoſe diſtances 


from the laſt are denoted by o, A f+4, 2Þ+4; 
&c. be taken with ſigns alternately, 

and added to twice the fa ſaid ſum, * the who . 
be divided by e, the quotient will " the value 


ſought in this caſe. 


EXAMPLE. 
Let . 8. 4=3, and 124. From 14 
* &c. (II) cutting off the firſt 7 
terms, and taking the ſum of the 5 laſt of them, 


we have 190026, which divided by 4194304 
(AA) gives the required value. 


PROBLEM XXVII. 


In a Parallelopipedon, whoſe Sides are to one another 


in the Ratio of a, b, c; to find at how many 
Throws any one may undertake that any given 
Plane, viz. ab, may ariſe. 


SOLUTION, 


Imagine the given parallelopipedon to be 
circumſcribed by a ſpherical ſurface, and to be 
ſuſtained by a power acting at its center of 
gravity in the direction of a right line ſtanding 
perpendicular to the horizon; and while the 
center of gravity and that line are ſuppoſed to | 

remain 
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remain at reſt, let the ſolid, together with the 
circumſcribing ſurface, be ſo moved, -that the 
ſaid perpendicular line may trace out the peri- 
meter, or limits, of the propoſed 12 then 
it will not be difficult to conceive that that part 
of the ſpherieal ſurface, which will be limited by 

the interſection, or path deſcribed, by the ſaid 
perpendicular, through ſuch motion, will be to 
the whole ſurface, as the probability of the given 
plane ariſing at any aſſigned throw to unity: it 
is alſo obvious that the limits of the ſaid part 
will be arcs of 4 great circles, whoſe chords are 
the fides of the given plane. This being pre- 
miſed, let che parallelopipedon be now ſuppoſed 
at reſt, with its upper or given plane, E H G F, 


E H is 


parallel to the horizon ; and let the great circles / 
EH, Hg, /F, and FE be the limits of 
the aboveſaid part of the ſpherical ſurface, whoſe 
content we would find; let alfo 2. other great 
circles, bg, fa, biſe&t the oppoſite arches EF, 
HG; and EH, FG, and EH and FG be pro- 
duced to meet bg ſome where as in D: then the 

angles 


= 


o x x 
—. q "OY OI. »», Þ * | : 1, 
3 2 * r k * Wers 
W YER? 8 RF" F a3 io Sls Coe ndtet "4 28 0 * 1 8 1 tl 
or 4 >» dad 2 1 * 6 


| 
| 
| 
| 


i 
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angles C, b, a, g, and f being all right ones, 
the ſides Da, DC, DF, will be each go degrees, 
and Ca the meaſure of the angle DC. Where- 
fore, if (720) twice the degrees in the circle be 
put to define the content of the whole ſpherical 
ſurface, Ca or its equal HDg will expreſs the 
content of the triangle HC, | and DHg+HDg . 

—990?, that of the triangle HDg (as. is proved in 
p. 179, of my Book of Fluxions.) Whence, by 
taking the laſt of theſe 2 from the former, we 
have 90?—gHD for the content of the part 


| CaHgC; wherefore as 720? to 4 times 909 


HD, or as 180? to the complement of the 

angle gHD; ſo is the content of the whole 
ſurface, to that of the required part EHGFE. 
Now therefore to determine the ſaid complement; | 
we have by plane trigonometry, As 4c, the per- 
pendicular diſtance of the given plane from the 
center of gravity of the propoſed ſolid, to Cm 
(225) half one ſide of that plane, ſo is (1) the 


radius of the tables, to :, the tangent of Ca, or 
HDę; and as the ſaid half-diftance is to Cx (43a) 
half the other ſide, fo is radius to b the tangent 


of Cg, or co- tangent of Dg: therefore in 


the right-angled triangle HDg there is given 
(=) the tangent of the angle D, and (+) the 


co-tangent of the fide Dg, from whence the fine 
of the former and co-fine of the latter will be 


eaſily had 


—= 755 and . reſpectively, and 


then, 


\ 
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then, erics, it will be as 1; 
2 1. res = 

; =th fine of th - 

2 3 Beat : Tg ono 
pl ement propoſed to be found. 

Now therefore let A be put for the angle 

whoſe fine is — re and x for the re- 
24 Tcc * 6 Nea 


quired number of throws; then, it follows from 
what has been ſaid above, that the probability of 
the given plane ariſing at any aſſigned throw will 
be _4 „ therefore that of the r being 1— 


Fos we ſhall have I equal 4 + and conſe- 


—L: 
quently æ equal © FT or Bats nearly. 
4 7 
COROLLARY I. 


When a, b, and c are equal, the parllelopi 


don becomes a cube, and — = 
La | = 
i= the ſine of 3o degrees; therefore in that caſe 


COROLLARY II. 
If the given plane (a0) be but ſmall in reſpect 
of the others, then the fine 2 
az Tec 17 Fat 


being alſo ſmall, will be nearly as A its correſ- 


ab 
nding angle, that is, will be 
2 8 OS" 2 Tec re ect, Det 


9 SeY to 
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to 3· 147, &c. .as 4 to 1802; whence 4 wh, 


Gal in this caſe. 91 4 4 


80ab | 
On Wn 1 
ſubſtituted” in = (then nearly = x) gives 


— 3 2 for the required number of 


nearly; which valge being 


Suppoſing A, B, C, Se. to be the Coefficients of "iH 
Power of abs, whoſe hug == is n; or, 4+ 

- N comes Sc. * a: to Fu the 

we 0" 2.3 7+ OT = 3˙4˙5 * : 


Da? 
xz "7 — + * b 77! © c. in finite Terms, r 


being any whole pofitive Number, and n any - 
© pofitive Number, or negative one, * an 
Integer leſs than 1. | 


Since A+Bx+Cx*+Da?, &c. is =a PCA. 
A4+Bx+Cx*, „ will therefore Sar; 
' whence, by taking the fluent continually of the 


laſt equation, we have, Firſt, 


" m+1 171 171 
20 X+ 28 00 . . c, &c. 
a+1 


Tr 122 1 ＋2 1—2 
Second, an: EX &: 


Xx 
4717 —2 12 4 * Bx? Cor &c. ö 


n+1XxXn+2 a+1XxXn+2 
=# ITO 3 


* 3 1.2 2.3 34 


27 N > 


And; laſtly, Late] * . Ne 


tion by , we have 


= 
n 


Ls of CHANCE. 2 


„ 
o 
» a 


a+1X#+2 r) rin (7) 


3 da” op OY i 
"a1 X#+2 755 "its Gan) n+1X2+2(1=4) 
3s . 0 A 8 8 

r x#+2 (r=4) 0 9 1.2.3 DIET oh 
22 

- &c. \ Wherefore, OY this equa- 


gt K „nn, Hl 


a+1xa+2 ( 21 xn+2 (x) 
* I wa IP N te: rea 


— h (r) 8 


1.2.3 FT Bd 2.3.4 1 BETTE? (* &c. QE. I. 22 
LENMMA II. . 


To find the Sum of a Series of Power! whoſe Roots 
are in arithmetical Progreſſion, as d- EAA“ 
3at+3d*+ 5TÞ; Ge. continued to x 8 | 


Let d. into AT Bea "Di, 


Ex * &c. +K=dr+24\ af 3 


then muſt d into Ax+ 17. N 1 V4Cz4 " ps 5 
&c. +K, it is manifeſt, be d +3d\"+44* 
rl r wherefore, by. taking the 


former of theſe equations from the latter, and 
dividing the whole by d“, we have — | 


EFT wh wm ee Bra W-i4Cxxz+1 x 


K „ &c. Il; where ex- 
pang. the ſeveral | powers of 241 in 75 


bo _—_— Naxvny as T 
and comparing the like terms, we 2 Md 
7? „ B=4, C 5 E 2 — J. 


T7 2348 


9 W 
equal o, 9 ” EIN Y 3 


Au therefire ++ 12} +307 yy . 


AHN — AE IEES 2 + 
. 9 | 


2 K IX A INN NAX ? „ &c. K. into 
2.3-4-5--7.0 


d'; which when & I, will become nt | 


+=+2 


1 1 nXn—1 X#n—2 | 95 N 

8 e , &c. +K in d“: where- 

fore K=——+4- — r Nc. Cong. 

RN ——— 
* Nx XX — au — 

quently 4* j in. — b—+ _ 2 

. * 
2.3.4˙5˙6.7. 6 
. 1 XA—IXAP—2X1—3Xu—4Xn—Xx—0x" —7 
2.3˙4˙5·6.7. 8.5. 0 Net 
1 X =! X m2 NA r &c. 


2.3-4+5-0,7,8.9.11,12 dn 

u 72X#-l . X 
_ I +3 Wt 243+4+5.0 2.3.4.5 · 0. 7. 6 | 
&c. equal to the value ſought ; which when n 
is a whole 1 3 will be barely ex- 


* a 1 2 


5 2.3.45. 


preſſed by 4" in — 


&c. continued ll i terminates, provided that 
the laſt term thereof when # is an odd number 
be rejected. Q. E. I. 

CORALLARY 


ov 


= REESE» chance. "EE: 


{ C 


TENETS. een 
* on 1 
bo, | AA." : | 
2 | ſucceflive „we ſhall 1 dal auge 
; 1+ 2 + „„ | 
251 Ya Fs 8 
17 ＋ 2737 +4*'+5* OT. > oy 3 
** x3 | | 1 
* * eee 3 | 'F 
4 3 — — 4 — 6 | 1 
. 12 LS eee r 28 We Cos x 


194 e = 
98 Wen ec. 8 3 ha) > N 2 bo 1 

"LOO. COROLLARY U. was ci of 
k 11 x be infinite, and s any poſitive number, 
or negative one leſs than unity; the firſt term of 
the ſeries, it is manifeſt, will be infinite in reſpect 


of the reſt of the terms ; and therefore the equa- N 


tion will in that caſe become ee 663% 
„ 


| fr 


LEMMA III. 


To find an Expreſſion or Series, which conſiſting 7 
' the fimple Powers of * and known. Coefficients, 


Pall be equal to Ix$x3 X#4XEX9 070% &c. | | 
continued to * Factors. h 


Pet P denote the given value, and 32 L: x, 

4 4 B De, &c. the hyp. p. log. there- 

of, then will LIN L: t, +Ax#%1+BxCx 

| #4114 Dx*41=*+Exx+1-3, &c. be L: = 
| a | ＋＋. 


In 
# „ * * _7Ex=446Ex-5-10Ex-5,&c. 
* 
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> hg 


+L: *+1; ; en equation by ſubſtituting 
the value of L: P, &c. there will be 4 L: 


{ — 
Ei4+4Cx*2 1.910 x # + 1% — + 


Exx+1 — &c. =; this converted into | 
Gumple derm: is. 2 


. = . Ws, 1 
OE ＋ 2 Sir — — — + = „& 


4 * c- & 
„ 2 Dj BD D*—54 5 &c.| 


9 A: —6RO54 10Fu hc! 


ſo * 8 1 56. , &c. 
. Kc pre . 
So. Whence 275 4.1, 2 2 
and a conſequent 3 „ =#+ W UE 


1 . * 
2 er- te rides c. L. P. 


Suppolo x=1, and the equation will become 1 
+B4——-——, &c. =o, and therefore B muſt be 


12 360 # 


=1 l &c. which ſubſticured inſtead 


thereof, gives *+ 1x L: 8 e 7885 Kc. 


1 1 1 
3 &c. * . P. Now the 


| x number 


3 Las FA Trance. 8 15 5 
e hyp. bent. v tit, fc. 
: that whoſe log, 2 W e e, e. = 
4 er 7 „ bee. and” chat an- 


| fwering to 8 
which, as Mr. Demoivre obſerves froth Mr. Ster- 


ling, is the root of the bery of 2 
| circle circle, whoſe ſemi- diameter is 5 — A 
and 2.71828, 

vp. log. is 2 b 2 
2 to one 


relation of the correſpon numbers, 
REY 
ſwering to the ſeveral” parts thereof, AT 
have of Sin = in &. in 1 K ff e 


124 
Thee e. „ eee e 
3 | COROLLARY. 3 
Becauſe when x is 2 very great nunber —-+ 


Fir- de. becomes inconſiderable, P or ics equal 
eee xx will then ny 
equator in Va. | 3 


LEMMA IV. 


Fe be the Perighery of a Circle, * 
Unity, the Ratio of the middle or greateſt Term f, 


the Binomial I+1, — 4 very great _ x 
| 5 


: N a 1 : s 3 5 

N 3 **. 

* — c ” : l 73 *S £& "2 # 27 
1 n. Narvns „ 
9 N * yy * 7 1 


err "BY : 


| 
bel. will be. 10 the oboe: Power, * * . 
very nearly. a. '- >» gl Poms th 


For it is ow * the princk of qua- 
dratures, and is proved in page indi r21, of 
my Book of  Fluzions, 'that-c; being, as above 
ſpecified,. the area of; the whole curve, whoſe 
abſciſſa is x, and: ordinate. Fen "when » 1s. 


LL XX, det to 


an even number, will be £ inta AAA | 


— ꝙ —Jkx*— * _ and that che'-ates efithes curve, 
having the ſame abſcifſa, whoſe ordinate 184 

n+ | | OTIS. OR; 
== under bt fame values of + nd 1, ig 
W *r. | Therefore * theſe 


two areas, when 1s * = are very near 


3 Gd 


will be nearly . To 


therefore, by diviſion, £ = 
2X2X4X4X6X6...Xnxn 


+1 


IXIX3X3XSX$..XA—ILXa—IxXn+1 
tiplying Þoth ſides by 14+1, we get f i, or 
cn 2 X XAX 4. XXI 
— 2 nearly; the ſquare 
4 IXIXZX3 X 1—1 X —1 ; hs Meh 
cn 4X4X6...n 


root whereof is 


—TXZXL.. — N 
a NAX 4A. * 1*X2* x 7 . xi 
— . 222 xg: — = 


IX2X3X4...n—IXn"_ * NN 


I XA X X 5 „ „ „ 93 
22 — wherefore i it is as 
* iK r 171 


* 


„ 


— where mul- 


I: 


52 0 i % 4 | , 

2 * e 5 . 

| Laws CHANCE. 8; 

5 „ | 1 

N 4 25 2 K.. * * . 
F KNA + + hn | AY ut 


FF known th be 


o the middle term of the binomial pro- 


poſed, In ner pus nas 


k © POWEr.. E. I. . 2 89 


o 
* 


1 fe fo the Hee ths an 4 ned yaa of a Ring- 


rien. 
Let a+b be hes Kane binomial n ths 5 


= 1 


1 et its power, the 
0 from the firſt, and put . * ſince the 


value of the ſaid terqiis 1 ** 1 74 — hal f 


23. „ 


we ſhall, by equally multiplying by 1x2x4x4 


„X i. z, NK 
1.2.3. TX 1. a. 3 . which 


S bg n 


"IJ Kent, e, 


5 have | 


by Lem is == 


m and c being as there ſpecified ; wherefore 


n+ . 
vid Il. we have e 
* ing. . Ba | Sa ee 


COROLLARY. 


+  Beeauſe the greateſt term of the whole power 


is that wherein the exponents of 4 and þ àre to 
due another as à to B, if 5 be taken to r in the 
F M 2 |  - ratio 


— 


* 
* 3 
- 
* 


, . - | h | | Y LEMMA v. | 8 85 4s : 
, 3 40 an . wer, bears to the whole 


iſtance of the propoſed term 


QEL 5 8 


Pp” 
\ = 


WP. -- The Maren . 9 k jr. 3 


3 
* 


ratio of a to b, or r=, and an = 
theſe values be ſubſtirured as above, we ſhall _ 
have <2! * for the ratio of the-greateſt term to 
the whole 1 power; which therefore, when a and 
4 are equal, will become Jer 7= by very ſame as 
in Lemma IV. | Henee it is . chat the 
value of 4 in Lemma III. is not only near, but 
exactly equal to the perip "ru ee the circle, | 
-whoſe radius is unity; 1 re was not eaſy 
to determine. e \ 
LEMMA VI. % 


To 60 the Proportion which the greateft Term * 
a Binomial, raiſed to an infinite, or very great 
Power, bears to a given nero Tn 


it. 
Let a+b be the propoſed binomial, as above, 
u the index of its power, y the greateſt term, 


and p the number of terms to be taken on either 
ſide, Beeauſe the greateſt term is _— wha 


the indices of a and # are IT to ==, and 
| = 


22 if 22 — be pur 4, and —— — 2 r, the next 
term to it 4 it is manifeſt, be . the 


r+1xa? 


next after that === EXELL "the next follow- 
8 r+1 Xr+2 K 
$XI=1 $=1 X5—2 xb3y 
ing == a that, 
8 TrFIXr+3Xr+3 — and conſequently ; 


y o_ whoſe 


5 > 
* > = l - of F 
Y ms Ds 
= * 


Laws of CHANCE. * {ep 


1 : ” 8 . 
- 7 ; Po 
* 44 - 4 *. 8 e £ 
8 hoe diſtance . v, equal w 323 
1 ws. 8 . f 8 ö ; 
. 3 

* ' " lf 

| 1 46h 
29 7 * =_ * * 
va ; 

Lhe - Roe! A , 
| No N 1 

. 5 . 


vl 1% . 8 Pg 1 
| 2 — 
6 1 f 1 . 


But becauſe. ar is RP: PL:, 3 7 — „ a 
L: vaniſhes out of the equation. And the © \ 
numerators of the remaining terms being ſeries 7 
of powers, whoſe roots are in arithmetical pro- | I 
greffion, their ſum will be eaſily had by Lemma IE x 

and from thence our expreffion becomes L: y, _ 

1 6 . rr SLED an 3 

| "ga ; | 
LET. gc. 3 Wax +3 

1.24 27, | 


— which, p being fall f in te to 


+ y and i, will become Ly L very nearly; A 
4 mw by 3 for and”; ; their equals — 
4 a+ . ” 


Ip and 5, we ſhall have Ly, Dx 17 e =” 


=, FR» 
* 1 


. - . Y : 4 , 
- A. V $I oF J 6, ” = 


86 0 1 Wies at . 5 


= (LT) the log. of that term ed PSY 
from the . is denoted by 92— and therefore 


7 r a+ 
r- 272 2 „ Kc. 4, or 


the ſake of brevity, being put inſtead of DE: 


hence the ſum of all the terms hetween the two 
expreſſed by y and 7, with the laſt of theſe in- 
cluſiwve, will, by Lemma II. be 9 into 1 


» 4 4,8 10 
2 . d*p - SEAIPY 


32 T I. 2 2.3.77 2.3.49 _ 24344 5-1 


2.31848. 135 » Oc. very nearly. Where, if v be 


put , or 2 it for become un into 


— G. from whence the 
3. 25 7 27 25 
required proportion 1s manifeſt. 
COROLLARY. 


Becauſe " greateſt 2 divided by the whole 
ſeries, by is = = (by Cor. to Lem. 5.) 


| n+1 
ans 


we ſhall have 2 +l" 1 1 — e into 1 42 


2. 
4 AX "of 4 b 


. Sc. equal to the ſum of as many 


2.3.7 T5 


terms, immediately ſucceeding the greateſt, as 
8 c being =2 x 5+ 475, We, 


there are units in / 


ce * 


; which being ſubſtituted in- 
+ ſtead thereof in the laſt of the above expreſſions, 


- 


W 

ö 

E  "% 

q = 
A Laws 1 CHAN dex. 8 
8 | n ö r 1 
> a+ 3 2 il 
q £1 and ROO when a and are 
& fun; it in manifeſt, will become 


KENT 

2 * 2 2 1 25 "737 e | | | 
Mats x e 
We HT PROBLEM. XXVIn. _ Ar n 


Y - ue een ibs. une, 
| Playing & e any other * of the li 4 
1 he ff of them, A. to have ra) 


(9) Bic great a_Number, that there. ate "te 
"6 ces for 4 2 2 ee — t 


4 . 1 
* "6 js 


Micron ok 
portion | _—_ 
har that Number muft | 


| lage by this en the greatef . 
by 7 To's | SOLUTION. "Bj p44) l 


— 


5 b oi 
Since 15 is hs probability n that fo Se 
player gets a greater number than 4, the 


Po- 
bability chat no one of the 6) players ſhall bring 


| up a greater number, vill be. — ; Kg if : 
bs, - #+b+c] : be; | 
N be converted into fmple 1 4 
e eee c. f 
8 rr 9 
| - (by 


= 
' 7 2 = * \ A N = = 
2 On oC ET Fr rus 


—__ | F "FS * 0K n . 2 
x: +£ * = * \ = | q 
_—_ — * 9 n " \ * = a *. 
4 _ * . 8 * 
' £ 2 1 vey - 4 * . 4 K, * N 1 FT PRE * * 2 iy 5 ” * . 
__ 4 \ ne Fo 2 26.260, . 25 
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| \.;-- te ob Prob, 195 A chis le bel 3 
=. 78. of equal to the chances, for, ©, % 2, 
48 Oe. of thoſe players having an number I 
3 = SCRA and all the reſl, at the fame time, 
{0 leſſer numbers: : wherefore if theſe” terms % 

1 : "— * ci, Ge. be reſpeRtively di- 

vided by 1, 2, 3, Sc. the funy * ſeveral 
quoticars applyedito F e © 
ThE nxXa—1xX OH „ wor 4B * we. ' " 
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g“ rn 
for the firſt part of the anſwer. + But this, by 
£39 re * | 

Lemma k. is 
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e r, 
5 | a+1X5' d x 
if abe be put =, and * equal 

+1___ +1 
= this therefore mutipled by -, 

a+1 X56 
: 2 __ *+1 : 

the whole lake is — Ip _ the expeRation 


of A, in the ſecond caſe; which by the queſtion 
muſt be a maximum, and therefore its fluxion 


4 r 5 +1 
2 = . xL;—=0, or 4. L. 
= R * wherefore putting the hyperbolic 
logarithm of Jeb. and that of = —=g, it will 
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Let Fs number be ſuch, that there may be 4 
- only one chance for a greater, one for the fame. 
ud 700 for a leſſer number; then @ being =1, 3 8 3 

b#1, ioo, d=101, and 5=102, g will be 


o.o1g8, and b=0.0905, and therefore -I, ac- 7 
cording to the laſt caſe, =70; whence it appears 1 
that the greateſt expectation that 4 can poſſibly —  " _ 


have in the above circumſtance, is, when there | 
q are 69 players -befides himſelf; it then being 3 
1 about 25.7 times his own ſtake. But if the _ 
; ' Players were 100, his expectation, by Caſe 1, | _— 
. would be only 24 times bs Bake. and if t is 2 
oy infinite, it would be 8 f , + = 
from hence appears the difadvan ..- 
that even a good gameſter, 28 that ha 8 | 14 
number of, chances for winning, will hae 
in playing where there are others better than " +2 
himſelf, ' even though the greater part of the | ö 
333 are at the ſame time much worſe than 


PROBLEM XXIX. 

A and B, whoſe Chances for winning any. aſigned 

| Game are in the Proportion of a, to b, agree to 
play till n flakes art won and loft, on Condition 2 
that A, at the Beginning of every Game ſhall ſet | 

. the Sum p to the Sum Px, fo that they may Wo 
play without Diſadvantage on either Side; it is . | 
required to find the preſent Value of all the Win- 
nings that may be betwixt them when the Play is 
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SoLUTION. n 


N « expreſſed in a 
ſeries, where the exponent of the power of a, 
divided by that of 6, is, as e as may be, 


equal to, but not leſs than 5 ; and let the 


diſtance of that term from the fit, or 2 index 
of b, in the ſaid term, be denoted by d: then 


becauſe 47, n 15, 1x a, AN 


42333. . , the former t terms of that Gries are 


(as has been found in Prob. 5) the reſpective 
3 for A's winning n, —1, #—2, , 


c. games preciſely, or gaining the ſums 2 „, 


2 2-25, 8 if 
thoſe terms be reſpectively drawn i into thefe ſums, 


viz. a In 2 n, nah in. ee, x tt——=1=—p; &c, 


the ſeveral products be added together, and the 


whole divided by N, the total number of 
chances we ſhall have ä — for half the 
4 axa+Þ® | 


value ſought ; ; which when the ratio of the 
above ſaid exponents, is exactly: as a to b, will 


W112 
become Ca 5 for then 12 X B da, and 
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U by Lemma . ihe ve in this 


| COROLLARY WM: K 5 7 9 
be I's be a very Sten ner, = "4 "+ 5 3 


"I Tries 2 
caſe will be 22; c being, as there ſpecified, 
_ to the periphery of a circle whoſe ſemi· 1 

| er is 1 8 | , | 1 

11 . 1 P=1I, and 18; aa = | 
the third term of a+" b+284*þ* 560%, ee 
Oe. becauſe che ratio 5 of the expotents in the 5 


next term s leſs than . there will be — 


7 ag for the true yalue in this caſe | | 


* * 


- 


EXAMPLE WE 


e 41; os l, and #=10000 ; and 


we a have 25½ 2 U. 8; but if » had 
ne poſed 1000000, the anſwer would have 
ly 798. | 


PROBLEM XXX. 


| Two G A and B, equally frilful, enter into 
Play together, and agree td continue the ſame till. 
(u) Games are uon and toft. It is — 7 2 | 134 
N 2 | 5 
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Wo | fd 1. okay that e uf Want 
hr, Stakes, and-alfo the 'than-B - 

7 is never * . of - that «Number 3 

5 5 the int of.. the, Play; 1 bei 
3 n e gre N . 
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un ei 
If froni 141 raiſed to the # rover ee 
the firſt half of the terms, and as many of the 


* laſt of them, be taken as there are, units in. . 


and divided by I ile, the will, by 
Prob. 5, be one half of the A da but 


tlie ſaid — terms according to Cor. to Len. 6, 
by fibfining * a* inftead of 1 


* * 
| IF x = I rr Hm 


2.3.4916 2.3.4.5. 1 1.332 4.3 4.5.0.13.64 S 
And therefore 28 double hereof, Win by 


+1]. gives A 
—= 3-2 254 aa” 


4 * 


or 798 Se. x7 in, 1 i w I 


83 * for the firſt part of · the anſwer : but 


this is alſo the anſwer in the other _ as is 
manifeſt from Cor. to Prob. 25. Q. E. I. 
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ü id; : Nowarce great « may be, it is an 
. a geineſters cdmes 
off a winner of 0:674/n ſtakes : and/from 4 : 
ang the laſt Problem it-may-be-glſo oblexved, chat 
though 2 gameſter b at ſome times be à very 
* winner, or, on the qther band a very great 
ofer, yer, ut Tong run, here is almoſt-any aſj- 
. 1 be always plays upon an equality 


Pr or gain, in the end, and 
- the whole of the money he ventures; and 
ſecond, that if an event after a great many 
trials, js continually found to fail or ſucceed 


more frequently than it ſhould according to the 


- known chances by which it ſeems: to be decided, 

there is the 

event is affected or governed” by ſome other 
cauſe which we are unacquainted with. 
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